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PREFACE 

In this book I have endeavored to present a treatment of 
the usual course in solid geometry more complete in logical 
structure than that of the textbooks commonly used, but at 
the same time essentially clear and simple. 

The Introduction, consisting of axioms, definitions, and 
introductory theorems, is intended for reference and also 
for introductory use at the discretion of the instructor. The 
theorems included in §§ 11-26 are not necessary to what fol- 
lows. In practice they have been found helpful, however, in 
quickening the student's perception of space relations. 

The names pencil of lines, pencil of planes, bundle of lines, 
bundle of planes, are used because in practice they have been 
found very convenient. 

Theorems essential to the main argument of the book, 
together with those few additional theorems recommended 
by the Committee of Ten, are as a rule proved in full. 

The order of the propositions has been chosen as affording 
a natural and attractive unfolding of the basal principles of the 
subject. If, however, it is thought desirable to place §§ 77-85 
before the theorems on parallel lines, because of the likeness of 
the proofs of these theorems to the proofs in plane geometry, 
this can be done at the pleasure of the instructor. 

In calling attention on page 22 and elsewhere to theorems 
which differ from each other only in the interchange of the 
words line and plane it is not intended to broach the principle 
of duality, but only to simplify the geometry of the line 
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iv SOLID GEOMETRY 

and plane by pointing out the fact that very many pairs of 
theorems are thus related. 

The treatment of similarity^ and of the Tneasurement of 
curved surfaces and solids y is based on that. which prevails 
with the continental writers of Europe. ' 

The treatment of the incommensurable case is based on that 
of the theory of limits grounded on the Dedekind-Cantor theory 
of irrational numbers. A simple but rigorous presentation of 
the theory of irrational numbers and of the theory of limits 
forms an Appendix which is for use at the pleasure of the 
instructor. The book is thus adapted for either the omission 
of the incommensurable case or for its rigorous treatment. 

Many teachers doubtless agree with Tannery in the impor- 
tance which he attaches to the theory of irrational numbers for 
the elementary student, and consider that if graphical repre- 
sentation is important, then it is important that the theory of 
irrational numbers and the one-to-one correspondence between 
the points on a line and real numbers on which graphical 
representation is based should be clearly comprehended by the 
student of mathematics as early as possible. The book affords 
the opportunity of making this correlation of arithmetic and 
geometry in connection with the course 'in solid geometry. 

The exercises are numerous. They have been carefully 
chosen with the purpose of supplementing the theorems of 
the text and of affording interesting and practical applica- 
tions of the principles. In arrangement they are graded with 
respect to difficulty and are grouped with a view to emphar 
sizing by repetition the application of basal principles and 
thereby strengthening the student's command of the subject 

and developing facility for original work. 

S. F. R 

POUOHKEEPSIE, NeW YORK 
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SOLID aEOMETRY 

INTRODUCTION 

A ball is a material solid ; the space occupied b}r the ball is 
a geometric solid. 

1. DeJinUion. X geometric solid is an inclosed or bounded 
portion of space. 

Having in mind any given ball, space may be r^arded as 
divided into two portions, that occupied by the ball, and that 
not occupied by the ball ; the boundary common to these two 
adjacent portions of space is a surface. 

2. DeJinUion. A geometric amiace is the boundary common 
to two adjacent portions of space. 

The surface of this page may be regarded as 
divided into two portions, that occupied by the 
circle in the margin and that not occupied by 
the circle; the boundary common to these two 
adjacent portions of the surface is a line. 

3. DeJinUion. A geometric line is the boundary common to 
two adjacent portions of a surface. 

4. DeJinUion. A geometric point is the boundary common 
to two adjacent portions of a line. 

A thin sheet of paper is frequently used to suggest the idea 
of a geometric surface. The thinner the paper the more nearly 
it represents a geometric surface, which has no thickness. 

Penciled lines on paper, by which we picture geometric 
lines, vary in size — that is, in breadth and thickness. A 
geometric line has no size in this sense. It has only length. 

A particle of dust floating in the air may serve to suggest 
the idea of a geometric point in space. A geometric point, 
however, has no size but only position. 
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GEOMETRIC AXIOMS 

6. The following axioms express non-metric properties and 
relations of the points, straight lines and planes of space. 
The straight line and plane are thus defined by their properties. 

I. On the Straight Line 

V^L^ Through any two points one and only one straight line can be 
passed. 
-^2. On every straight line there are at least two points.^ 

3. If A and C are two points on a straight line, then there is at 
least one point B^ between A and C, at least one point D so situated 
that C lies between A and Z>, and at least one point E so situated 
that A lies between C and E, 

4:, li A, Bf C, D ... are any number of points on a straight line, 
they are arranged in a definite order. 

5^ The straight line segment which joins two points is the shortest 
line which joins them. 

U. On the Plane 

^ 1. Through three non-coUinear points one and only one plane can 
be passed. 

A2. In every plane there are at least three non-collinear points.^ 

8^ If a straight line joins two points of a plane, it lies wholly in 
the plane. 

^4. If two planes have one common point, then they have a second 
poinl in common. 

5. Every straight line a which lies in a plane divides the remain- 
ing points of the plane into two regions having the following prop- 
erties: every point A of one region determines with each point B 
of the other region a segment AB which contains a point of the line 
a ; any two points A and A' of the same region determine a segment 
A A' which contains no point of the line a. 

A sheet of ordinary window glass is sometimes used to suggest the idea of 
a geometric plane surface or plane. A geometric plane, however, extends 
without limit and has no thickness. 

III. On Space 

1. In space there exist at least four points not lying in the same 
plane, and not in the same straight line.^ 

1 We know by our experience with material representations of a straight 
line, such as a penciled line on paper, that there are any number of points 
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2. Every plane m divides the remaining points of space into two 
regions having the following properties : every point A of one region 
determines with each point B of the other region a segment AB 
which contains a point of the plane to; any two points A and A' of 
the same region determine a segment AA' which contains no point 
of the plane. 

ly. On Parallel Lines 

In a plane there can be drawn through any point lying without 
a given line one and only one line which does not intersect the given 
line. 

V. On Motion 

1. Any figure can be moved from one position in space to another 
with no change but that of position. 

2. Two straight lines can be made to coincide and in such a man- 
ner that a given point and half-line of one line shall fall upon a given 
point and half -line of the other line. 

3. Two planes can be made to coincide and in such a manner that 
a given line of one plane shall coincide with a given line of the other 
plane, a given point and half-line of one line falling upon a given 
point and half -line of the other line, and so that a given half -plane 
of one plane shall fall upon a given half-plane of the other plane. 

VI. On Continuity 

1. If P is a point on a straight line, then all points on the line 
may be divided into two classes, Ri and R2, such that Ri contains all 
points which are to the left of P, and R2 contains all points which 
are to the right of P, The point P may be regarded either as be- 
longing to Ri, in which case it is the last point in Ri, or else as 
belonging to R2, in whioh case it is the first point in 2^2. 

2. If in accordance with any law all points of a line are separated 
into two classes Ri and R2 such that every point in Ri is to the left 
of every point in R2, then there is either a last point in Ri or a first 
point in R2, but not both. 

on a straight line. Axiom I, 2 is the simplest assumption regarding the 
number of points on a straight line which, together with the other axioms, 
enables us to show logically the existence of all of the points on the line. 
Similarly, Axioms II, 2, and m, 1 are the simplest assumptions regard- 
ing the number of points in a plane which together with the other axioms 
enable us to show logically the existence of all points in the plane and in 
space (see §§ 16; 18 and §§ 23 ; 25). 
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6. Definition. Any assemblage of points is called a geometric 
figure. Accordingly a point is a geometric figure ; also a line 
and a plane are geometric figures. 

Plane geometry treats of figures whose points are all in 
the same plane ; solid geometry treats of figures whose points 
are not all in the same plane. 

The following theorems are for the most part immediate 
consequences of the axioms : 

7. Theorem. Two straight lines in space can be so related that no 
plane contains both lines. 

For let Ay B, C, and D be four points not all in the same plane 
(§ 5, III, 1). The points ^ and ^ can be joined by a straight line 
and also the points C and D (§ 6, 1, 1). Since no plane contains the 
points A,B, C, and D, no plane contains the lines AB and CD. 

^ 8. Definition. Two straight lines so related that no plane 
contains both lines are called skew or gauche lines. 

9. Definition. Two straight lines which lifi^in the same 
plajci^^and do not meet (§ 6, IV) are called parallel lines. 

10. Definition. Parallel lines are said to have the same 
direction. That is, direction is that property of a straight 
line which it has in common with every line parallel to it. 
Therefore the straight line joining a point P to a point A 
indicates the direction of A from P. 

11. Theorem. Between any two points of a line there are any 
number of points. (§ 6, 1, 3) 

12. Theorem. A straight line extends without end in opposite direc- 
tions from any point of the line. (§ 5, 1, 2 and 3) 

13. Definition. The number of points on a straight line is 
called an infinity of points. 

14. Definition. Any point of a straight line divides the line 
into two half-lines. That is, a half-line has one end-point and 
extends without end in one direction from that point. 

15. Definition. The portion of a straight line included be- 
tween two points of the line is called a segment of the line. 
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16t Theorem. In a plane an infinity of lines can he drawn through 
any point P of the plane. 

For let AB be a straight line in the plane joining any two points, 
A and B not coUinear with P (§ 6, II, 2). Then lines can be drawn in 
the plane joining P to each point of AB (§§ 6, 1, 1 ; 5, II, 3) and there 
can be drawn in addition the line through P which does not meet 
AB (§ 6, IV). Since there are an infinity of points in AB (§ 18) 
there are au infinity of lines through P, 

17. Definition, The totality of lines in a plane through any 
point of the plane is called a pencil of lines and the point is 
called the center of the pencil. 

18. Theorem. TTie pencil of lines in a plane through any point P 
of the plane include every other point of the plane once and only once, 
and hence the number of points in the plane is an infinity of infinities or 
a double infinity (oo 2) . > 

For if j^ is any point in the plan^ oth«t than P, it can be joined to 
P by one, and only one, straight line (§6, 1, 1), and this line lies in 
the plane (§ 5, II, 3). Since there are an infinity of lines through P 
and an infinity of points on each line the number of points in the 
plane is an infinity of infinities or a double infinity (oo ^). 

19. Theorem. The pencil of lines in a plane through any point P 
of the plane indicate all directions in which lines of the plane can extend, 
and the plane extends without limit in the direction of each of these lines. 

For if ^ is any point of the plane other than P, a line can be 
drawn through K parallel to each line through P, and conversely, 
there is a line through P parallel to each line through K (§ 6, IV) ; 
and parallel lines have the same direction (§ 10). Since each line 
through P extends without end the plane extends without limit in 
the direction of each of these lines. 

20. Definiticm, Axiom n, 3 may be taken as the logical def- 
inition of a plane surface or a plane. 

21. Definition, Any straight line of a plane divides the 
plane into two half-planes ; the straight line may be called the 
edge of each half -plane. 

22. Exercise. Show that there are in all a double infinity of 
straight lines in a plane. 

^Suggestion. If h and ?2 ^re two intersecting lines of the plane, then 
the other lines of the plane consist of the lines which intersect ^2 and the 
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lines parallel to h. Lines which intersect h 3*^6 the pencils of lines whose 
centers are the points of h; lines parallel to I2 pass one through each point 
of li. Therefore the number of lines in the plane is an infinity of infini- 
ties plus one infinity, which is still an infinity of infinities, or a double 
infinity.] 

23. Theorem. Through any point P in space a double injinity of 
straight lines can he passed. 

For we can take three non-collinear points, A, B, C, which are not 
in the same plane with P (§ 6, III, 1) and pass a plane through them. 
(§ 6, II, 1) 

P can be joined by a straight line to each point of the plane 
ABC, (§6,1,1) 

We have now left unaccounted for only those lines, if any, 
through P which do not meet the plane ABC. It will be proved 
later that one infinity of lines through P do not meet the plane ABC, 

Since there are an infinity of infinities of points in plane 
ABC there are an infinity of infinities or a double infinity of lines 
through P. 

24. Definition. The totality of lines through any point P of 
space is called a bundle of lines and P is its center. 

25. Theorem. The bundle of lines through any point P of space 
include every other point of space once and only once, and hence the num- 
ber of points in space is a double infinity of infinities or a triple infinity, 
(00 8). [Compare § 18] 

26. Theorem. The bundle of lines through any point P of space 
indicate all directions in which lines in space extend ; and space extends 
without limit in the direction of each of these lines. 

For if K is any point in space other than P, one and only one line 
can be passed through K parallel to each line through P, and con- 
versely, there is a line through P parallel to each line through K (§ 66). 

27. Note. Axioms I, 1 ; II, 1 ; and III, 1 might be respec- 
tively worded thus : 

Two points determine (§ 39) a space of one dimension. 

Three points not in the same space of one dimension deter- 
mine a space of two dimensions. 

Four points not in the same space of two dimensions deter- 
mine a space of three dimensions. 
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Are there spaces of higher dimensions than three of which we, creatures 
of three dimensions, can form no conception ? Do five points not in the 
same space of three dimensions determine a space of four dimensions ? 
Do six points not in the same space of four dimensions determine a space 
of five dimensions ? Do n -{- 1 points not in the same space of n — 1 
dimensions determine a space of n dimensions ? 

Students interested in this speculation will be able to find many pub- 
lished, discussions of the question. 

28. Definition. Two geometric figures are said to be equal 
or congruent if they can be superposed and made to coincide 
throughout. Congruent figures differ only in position. 



29. Theorem. Two figures congruent to the same third figure are 
congruent to one another. 

For they can both be made to coincide with the same figure and 
therefore with one another (§ 28). 

The two theorems following are an immediate conse- 
quence of §§6, V and 28 : 

30. Theorem. Every segment can be laid off upon a given side of 
a given point of a given straight line in one and only one way. 

31. Theorem. Every angle in a given plane can he laid off upon 
a given side of a given half-line in one and only one way. . 

The following definition and theorems from plane geom- 
etry are quoted here for future reference; other defini- 
tions and theorems from plane geometry referred to in 
proofs are quoted in the text : 

32. Definition. The circumference of a circle is the locus 
of points in a plane at a given distance from a given point of 
the plane. 

33. Theorem. Two circles having equal radii are congruent. 

34. Theorem. Equal central angles subtend equal arcs of the cir- 
cumference. 

35. Theorem. Every arc AB of a circumference can be laid off 
upon a circumference of equal radius clockwise or counterclockwise from 
any point P of this circumference in one and only one way. 

[This theorem is an immediate consequence of §§31, 33, and 
34.] 
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AXIOMS RELATING TO THE EQUALITY AND 
INEQUALITY OF MAGNITUDES ' 

36. In the f ollowing, the letters a, b, c, d denote magnitades 
and the sign = means equal in magnitude but not necessarily 
congruent. 

* L If a = c and b = c, then a = &. 
n. If a > 6 and 6 > c, then a^ c. 
in. If a=& and c = d, then 

1. a4-c = 6H-d. 

2. a^c = b — d (a > c), 

3. oc =: bd, 

M a b 

4. - = — • 

c d 
6. a* = 6** and ^s/a = V6 {n = a positive integer). 

• IV. If a > 6 and c = d, then 

1. a + c > 6 4- (i. 

2. a — c'>b'-'d{a>c), 

3. c — a < d — 6. 

V. If a > 6 and c> d, then 

a 4- c > 6 -f- d. 

VI. If a; = a, we may substitute a for a? in an equation or in 
an inequality. 

Vn. The whole is greater than any of its parts. 

Vm. The whole is equal to the sum of all of its parts. 



CHAPTER 1 

STRAIGHT LINES AND PLANES 

37. Theorem. One plane and but one can be passed thr(mgh 
(a) a straight line and a point without the line^ 
(6) two intersecting lines^ 
(c) two parallel lines. 




(a) Given the straight line / and the point P without I 

To prove I one plane, and II only one plane can he passed 
through I and P. 

Proof. I. 1. Take two points, B and S, on I. 

2. A plane m can be passed through /?, S and P. (§5, II, 1) 

3. Plane m contains L (§ 6, II, 3) 

II. 1. If a second plane could be passed through I and P, 
then both this plane and m would contain points /?, S, and P, 
which is impossible. (§ 5, n, 1) 

2. .*. only one plane can be passed through I and P. 

(6) Given two straight lines /i and ^ intersecting in point O. 

To prove 1 one plane, II only one plane can be passed through 
li and 22. 




Proof. I. 1. Take the point 0, a second point R, on ^, and 

another point S on I2. 

9 
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2. A plane m can be passed through the three non-collinear 
points 0, By and S, (§ 6, 11^ 1) 

3. m contains Zj, since it contains points and R, and m 
contains ^, since it contains points O and S, (§ 6, II, 3) 

II. 1. If a second plane could be passed through Zj and Zj, 
then both this plane and m would contain points O, J?, and S, 
which is impossible. (§ 6, n, l) 

2. .-. only one plane can be passed through l^ and Zg. 

(c) Given the two parallel lines d and /z. 

To prove I one plane, II onZy one jjZane can he passed through 
li and ^2. 



A 




Proof. I. One plane m can be passed through Zj and Zj, since 
II lines are in the same plane. (§ 9) 

II. 1. If a second plane could be passed through l^ and Zj, 
then both of these planes would contain one of these lines Zi ♦ 
and any point Pof Zj, which is impossible. (§ 37, a) 

2. .-. only one plane can be passed through Zj and Zj. 

38. Note. Obviously, if a plane contains one of two parallel- 
lines and a point of the other line, it contains both lines, for it 
must be identical with the plane of the parallel lines. (§ 37, a) 

39. Definition, A geometric figure is said to be determined 
by certain conditions when one figure of the kind and only 
one satisfies the given conditions. 

40. For example, a plane is said to be determined by certain 
points and lines when one plane and only one contains those 
points and lines. It follows from § 6, II, 1, and § 37 that a 
plane is determined by : 

1. three non-collinear points, 

2. a straight line and a point without the line, 
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3. two intersecting lines, 

4. two parallel lines. 

41. Note. The principles of plane geometry apply to a 
given system of points and lines in space only when a plane 
can be passed through the system of points and lines. 

42. Relation of two lines in a plane. 

1. They may have no point in common. (§ 5, IV) 

2. They may have one point in common. (Why ?) 

3. They may coincide. (§ 5, 1) 

43. Relation of two distinct lines in spa^ce, 

1. They may be coplanar and, therefore, parallel or inter- 
secting. (§ 42) 

2. They may be skew lines. (§§ 7, 8) 

44. Definition. Geometric locus. A locus of points is the 
geometric figure all of whose points satisfy a condition which 
no other points satisfy. Similarly there may be a locus of 
lines or of planes. 

46. Accordingly, in order to prove that a geometric figure is 
the locus of points satisfying a given condition it must be 
proved : 

1. every point in the figure satisfies the given condition ; 

2. every point which satisfies the given condition is in the 
figure. 

46. Definition. Two figures are said to intersect when there 
is at least one point common to the two figures, and at least 
one point in each figure which is not in the other figure. 

47. Definition. When two figures intersect, the locus of 
their common points is called their intersection. 

48. Theobem. The intersection of a straight line and a plane is a 
point. 

49. Definition. A closed broken line having any number of 
sides which are not all in the same plane is called a skew or 
gauche polygon. 
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EXERCISES 

1. (a) Indicate in the room three non-coUinear points and the 
plane which they determine. 

(h) Indicate in the room four points not in the same plane. How 
many planes are determined by them? How many lines? 

2. Indicate in the room two lines not in the same plane. 

3. If five lines no three of which lie in the same plane all pass 
through a common point O, how many planes are determined by 
them? 

4. If any number of lines passing through a fixed point O meet a 
given line not passing through 0, they all lie in the same plane. 

5. If any number of parallel lines meet a given line, they all lie in 
the same plane. 

6. Why does a three-legged stool always stand firm on the ground 
while a four-legged stool may not stand firm ? 

7. If the sides of a quadrilateral in space are not all in the same 
plane, how many planes are determined by its sides? Do its 
diagonals intersect ? 

8. A triangle is always a plane figure. 

9. A quadrilateral is a plane figure if two of its sides are parallel. 

50. Theorem. If two planes meet, they intersect in a 
straight line. 




\' 
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Given two planes m^ and m^ which meet. 

To prove mi and m^ intersect in a straight line. 

Proof. 1. Since the planes meet they have at least ona com- 
mon point A and .•. they have a second common point B. 

(§ 6, n, 4) 
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2. Join the points A and 5 by a straight line. (§ 5, 1, 1) 

3. Since the points A and B lie in wij the line AB lies in mj, 
and since -4 and B lie in m2 the line AB lies in mg. (§ 5, II, 3) 

4. If P is any point common to mj and wij, it must lie in the ' 
line ABf for otherwise we should have two planes through a 
straight line and a point -without the line, which is impossi- 
ble. . (§ 87) 

6. Since every point of AB is common to m^ and wij and 
every point common to rrii and 7% is ^^ ^^y ^^^ straight line 
AB is the locus of points common to- wii and m^ (§ 44) 

and hence is their intersection. (§ 47) 

51. Corollary. If two planes have two given points in com- 
mon, their intersection is the straight line determined by these two 
points. 

EXERCISES 

10. If any number of planes pass through a common point 0, the 
line of intersection of each pair of the planes passes through 0. 

11. To construct through a given point a straight line which shall 
intersect each of two given skew lines. 

12. Any number of lines can be constructed to intersect each of 
three given skew lines. 

13. To pass through a given point P a straight line which shall 
intersect a given straight Une I and a given circumference c. 

14. If a line intersects a plane, what relations has it with the 
lines of the plane? 

52. Theorem. Through any straight line an infinity of 
planes can be passed* 

Proof. 1. Let I be any line in space, and let l^ be a line not 
in the same plane with I, 

2. A plane can be passed through I and each point of l^, (§ 37) 

3. It will be proved later that one plane can be passed 
through I which does not intersect li. (§ 60) 

4. Therefore, since there are an infinity of points on l^ there 
are an infinity of planes through 7. 
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53. Definition. The totality of planes through any straight 
line I is called a pencil of planes and I is called the azis of the 

pencil. 

54. CoBOLLARY. The pencil of planes through any straight 
line I include every point of space without I once and only once. 



EXERCISE 

16. (a) Discuss the number of planes that two pencils of planes 
can have in common. 

(h) If the axes of two pencils of planes intersect, what relation 
have the intersections of the planes to each other? 

PARALLEL LINES AND PLANES 

yj5. Theorem. In space one line and only one can he 
constructed parallel to a given line I through any point P 
jt ' without I. 

^ Proof. 1. A plane m can be passed through I and P. (§ 87) 

2. Any line through P II I must lie in m. (§ 88) 

3. But in m one line and only one can be constructed II I 
through P. (§ 5, ^ 

4. .'. in space one line and only one can be constructed II I 
through P. 
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56. Theorem. If a plane intersects one of two parallel 
lines^ it intersects the other line also. 
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GiTen /i and ^ two || lines; m a plane intersecting d in point Pj. 

To prove m intersects ij. 

Proof. 1. A plane mi can be passed through Zj and l^. 

(§37) 

2. Since m and m^ have point Pi in common they will in- 
tersect in a line Zg passing through Pi. (§§60; 47) 

3. Since l^ lies in the same plane with li and Zg and inter- 
sects Zi in point Pi it will intersect Zj in spme Pg. 

(If a line in the plane of two parallel lines intersects one of the lines, 
it intersects the other line also.) 

4. Since m contains every point of Zj it contains point Pj. 

6. m cannot contain Zj for then it would contain Zi also (§ 38), 
which is contrary to the hypothesis and therefore impossible. 

6. Since m contains point Pg of Zj and does not contain Zj it 
intersects Zg. (§ 46) 



7 



57. Corollary 1, If a plane contains one only of two par- 
aUel lines, it^-eet/mtot meet the other line. 
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58. Definition. A line which has no point in common with 
a given plane is said to be parallel to the plane ; and the plane 
is parallel to the line. 

59. CoBOLLABY 2. If a line and plane are paraUeL and a line 
is constructed parallel to the line through any point of the planer 
it will lie in the plane. 

60. CoBOLLABY 3. Through one of two skeio lines one and 
only one plane can be passed parallel to the other line. 



ISnggestion. I. If h and {2 are two skew lines, then h and a line l^ 
through any point P of h parallel to h, determine a plane || h ; n. any 
plane through h II It will contain l^. (§ 69)] 

61. CoBOLLABY 4. Two Unes parallel to the same line are 
parallel to eaxh other. 




[The theorem requires proof only when l^ ^, and l^ are not all in the 
same plane. Why ?] 

Proof. A plane m can be passed through l^ and any point P of 
^ (§ 37). m will be parallel to Z, (§ 67). Therefore m will con- 
tain Zj (§ 59). li and I2 cannot meet (§ 66). Since l^ and l^ lie 
in the same plane and cannot meet they are parallel (§ 9). 
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62. Theorem. If a line and plane are parallel^ the in- 
tersection with the plane of any plane through the line is 
paxallel to the line. 
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(Hven m a plane ; l^ a line || m ; n a plane through A and inter- 
secting m in line ^. 

To prove li II ig- 

Proof. 1. Zj and I2 are in the same plane n, (Hyp.) 

2. li cannot meet I2 since it cannot meet plane m in which 
also Z2 Hes. (§ 58) 

3. Since li and Z, lie in the same plane n and cannot meet 
they are parallel. (§9) 

63. Note. It follows from § 67 and § 62 that a necessary and 
sufficient condition in order that a line and plane shall be 
parallel is that the line shall be parallel to a line of the plane. 

64. Relation of a line and plane, 

1. They may have no point in common. (§ 67) 

2. They may have one point in common. (Why ?) 

3. The line may line wholly in the plane. (§ 6, II, 3) 



EXERCISES 

16. If h and h are two lines, what relations has h to the planes of 
the pencil determined by Zi, (1) when h and h are parallel? (2) when 
they intersect? (3) when they are skew lines ? 
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17. If a line is parallel to a plane, is it parallel to every line of the 
plane? If not, what is its relation to the lines of the plane to which 
it is not parallel? 

18. To draw a line parallel to a given plane through any point 
without the plane. 

19. To draw a line parallel to both of two intersecting planes 
through any point without the planes. 

20. If two planes pass each through one of two parallel lines, their 
intersection is parallel to each of the given lines. 

66. Theorem. If each of two intersecting lines is parallel 
to a plane^ the plane which they determine cannot meet the 
given plane. 




u^ 



Given m a plane; l^ and 4 two intersecting lines both II m; n 
the plane detennined by /^ and 4- 

To prove m and n cannot ineet. 

Proof. 1. If m and ?i could meet, they would intersect in 

some line L (§ 60) 

2. I would be || Zj and Zj (§ 62) 
which is impossible. (§ 56) 

3. .-. m and n cannot meet. 

Prove this proposition without using § 62. 

66. Definition, Two planes which do not meet are said to 
be piarallel. 

67. Corollary 1. If two planes are parallel, every line in one 
plane is parallel to the other plane, 

68. Corollary 2. If a line intersects one of two parallel 
planes, it intersects the other plane also. 



d 
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69. Relation of two planes. 

1. They may have no point in common. 

2. They may have a line in common. 

3. They may coincide. 



(§67) 

(§60) 

(§ 37, a) 



70. Theorem. Through any point withotd a given plane, 
one plane afid only one can be passed parallel to the given 
plane. 
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Given m a plane ; P a point without m. 

To prove I one plane, II only one plane can be passed through 
P\\m. 

Proof. I. 1. Through any point K of m two lines li and 
I2 can be constructed in m. 

2. Through P a line l{ can be constructed II Zj and a line Z^ II 
^. (§65) 

3. Zl and ZJ are II m. (§ 67) 

4. ZJ and Zj determine a plane n which is II m. (§§37; 66) 

II. 1. If a second plane could be passed through P II m, 

it would be II l^ and Zj (§ 67) 

and .;. it would contain Z} and Za . (§ 69) 

which is impossible. (§ 37) 

2. .-. only one plane can be passed through P II m. 



71. Corollary. If a plane intersects one of two parallel 
planes, it intersects the other plane also. 
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EXERCISES 

21. Two planes parallel to the same plane are parallel to each other. 

22. All lines parallel to a given plane m through any point P with- 
out the plane form the pencil of lines determined by P in the plane 
through P parallel to m. 

23. Any pencil of lines in a plane indicate all directions in which 
lines can be drawn parallel to the plane through any point without 
the plane. 

24. A line parallel to each of two intersecting planes is parallel to 
their intersection. 

y^ 72. Theorem. The intersections of a plane with two 
parallel planes are parallel, 

[Suggestion. Use §9. Compare §62.] 




73. Corollary 1. Segments of parallel lines intercepted by 
parallel planes are equai, ^ rj y 

74. Corollary 2. If two lines AB and X-r \ ^^\ 
CD are cut by three parallel planes, the cor- 
responding segments of the lines are propor- 
tional. 



VhV^^\ 




75. Corollary 3. If any number of con- 
current lines are cut by two parallel planes, 
they are divided proportionally by the two planes and their com- 
mon point. 

[Suggestion. Pass a plane through the common point of the lines 
parallel to one of the given planes.] 
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^' 76. Theorem. If two angles not lying in the same plane 
have their sides respectively parallel in the same sense^^ the 
angles are equals and their planes are parallel. 




Given ABC and A^B^C two angles lying respectively in planes 
m and m^ with BA II B'A' in the same sense and BC II B^C in the 
same sense. 

To prove I. m II m'. 

II. AABC^A'B'C. 

Proof. I. 1. Lines BA and BC are II m'. (§ 57) 

2. .-. m is II m'. ; (§65) 

II. 1. The plane determined by BA and B^A^ intersects the 
plane determined by BC and B'C in line BB\ (§ 51) 

2. Draw in m a line JKjF' cutting BA in ^ and BC in i^ and 
pass a plane w through ^i^ II BB\ (§ 60) 

3. n will cut lines -B'^' and B'C in some points E^ and F' (§ 56) 
and will .*. intersect the plane BA^ in line EE\ plane BO in 
line i^i^', and plane m' in line E^F, (§ 51) 

4. JBJ5' is II EE' and i^i?". (§62) 
fit. .'.FPisWEE'. (§61) 
6. ^Fis II ^'2^'. , (§72) 

1 Two half-lines are parallel ** in the same sense " if they lie on the 
same side of the line joining their end-points; otherwise they are 
parallel *' in the opposite sense." 
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7. BE == B'E', EF = E'F, and BF=:B'F'. 

(Segments of parallel lines intercepted by parallel lines are equal.) 

8. .\ A EBF and E'B'F' are congruent. 
(Mutually equilateral triangles are congruent.) 

9. .-. Z ABC= Z A'B'C. (Why ?) 

EXERCISES 

26 a. If two angles not lying in the same plane have their sides 
respectively parallel in the opposite sense, they are equal. 

25 b. If two angles not lying in the same plane have two of their 
sides parallel in the same sense and the other two sides parallel in the 
opposite sense, they are supplementary. 

26. If two intersecting planes are cut by two parallel planes, the 
lines of intersection form two equal angles. 

77. Note. Theorems § 66 and § 68 differ only in that the 
words line and plane are interchanged in the two theorems. 
In the geometry of the line and plane it happens that so many 
instances occur of pairs of theorems thus related to each other, 
that the study of the topic is somewhat simplified by consider- 
ing in the case of each theorem the theorem derived from it 
by the interchange of the words line and plane. 

Compare §66 and §70; also §67 and §67; also §61 and Ex. 21; 
also § 66 and Ex. 24 ; also § 37, b and § 60. 

The attention of the student is called to the relations between the 
points and planes of space which are shown by the following pairs of 
theorems : 

(a) On any straight line there (a') Through any straight line 

are an infinity of points. (§13) there are an infinity of planes. 

(§82) 
(ft) In any plane there are a (6') Through any point there 

double infinity of points. (§18) are a double infinity of planes. 

(EX.-27) 

(c) In any plane there are a (c') Through any point there 
double infinity of lines. (§ 22) are a double infinity of lines. 

(§23) 

(d) In space there are a triple (d') In space there are a triple 
infinity of points. (§26) infinity of planes. (Ex. 28) 
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Attention is also called to the relations between the points and 
lines of a plane which are shown by the following pairs of theorems : 

(a) On every line there are an (a') Through every point of a 

infinity of points. (§ 13) plane there are an infinity of lines 

in the plane. (§ 16) 

(6) In a plane there are a (b') In a plane there are a 

double infinity of points. (§ 18) double infinity of lines. (§ 22) 

EXERCISES 

27. A double infinity of plaites can be passed through any point P. 

ISuggestion. The planes through P are the planes determined by P 
and each line of any given plane m not passing through P, together with 
the plane through P which does not meet m.] 

28. There are a triple infinity of planes in space. 

ISuggestion. Take any plane m and a line I which intersects m. The 
planes of space are the planes which intersect m and the planes which do 
not intersect m. The planes which intersect m are the pencils of planes 
whose axes are the lines of m ; the planes parallel to m pass one through 
each point of I. Therefore the number of planes in space is a double 
infinity of infinities or a triple infinity plus one infinity, which is a triple 
infinity (ooS).] 

29. There are a quadruple infinity of lines in space. 

[Suggestion. Take any plane m and any line I which intersects m. 
The lines in space consist of the bundles of lines whose centers are the 
points of m together with the lines of all planes parallel to m. The planes 
parallel to m pass one through each point of Z.] 

■ ^ 

Definition. The totality of planes through a given point of space is 
called a bundle of planes and the point is called the center of the bundle. 

80. If a line is parallel to one 31. If a plane is parallel to one 

of two parallel planes, it is parallel of two parallel lines, it is parallel 
to the other plane also. to the other line also. 

32. All planes through a point P parallel to a line I form the pencil 
of planes determined by the line through P parallel to I. 

33. The intersections of planes parallel to the same line are parallel 
lines. 

34. Given P a point, Zj, Zjj 's* h^ '" parallel lines, m a plane not 
parallel to the given lines; then all the planes determined by P 
and one of the given lines cut m in lines which meet in a point. 
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36. If a room is lighted at night by a single point of light, th6 
shadows of straight parallel legs of a chair represent segments of 
lines which meet in a point. 

36. What relations can three planes in space have ? 

37. The straight lines joining the mid-points of adjacent sides of a 
gauche quadrilateral form a parallelogram. 

38. If two triangles A^B^C^ and ^43^2^2 ^yi^S ^^ different planes 
are so related that the lines joining corresponding vertices A^A^ 
B^B^, C-^C^ meet in a point, then their corresponding sides intersect 
in points which lie on the same straight line, and conversely. 

39. If through the vertices of a plane polygon Ai, B^y C^, Z>i ••. 
parallel lines are drawn to meet a plane parallel to its plane in points 
-4 3, -63, C^ D^ — then the polygons A^B^C-J)^ ••• and A^B^C^D^ ••• 
are congruent. 

40 a. If straight lines through a point pass respectively through 
the vertices A^, B^, C^, D^ ••• of a plane polygon and meet a plane 
parallel to its plane in the points A 2, B^ C^ D^ ••• then the polygons 
A^B^C-fi^ ••• and A^B^C^D^ ••• are similar. 

40 h. If -4 J, i5j, Cj, Dp E^y ••• are any number of points in a plane m^ 
and lines OA^, 0B\, OC^, OD^^, OE^ ••• joining these points to a fixed 
point without m, are divided proportionally by points A^ B^y C<p Dg, E^ 
• •• then the points A 2, B^ Cg, D^, E^, ••• toill all lie in a plane parallel 
to m^. 

XlSuggestion. The lines -42^2, S2C2, C22>2 ••• are II respectively to 
lines A\Biy BiCi, CiDi •••; .-. lines A2B2, B2C2y C2D2 ••• are II m\ 
.'. plane m2 determined by ^2-82 and B2C2 is || wi ; .'. m2is |jCiZ>i; 
.•. C2Z>2 lies in »i2 J •'• i?2-^2 ••• lie in m2.] 

PERPENDICULAR LINES AND PLANES 

71. Theorem. In space one line and hut one can he 
constructed perpendicular to a given line I through a given 
point P without I. 

Proof. 1. A plane m can be passed through I and P, (§37) 

2. Any line through P± Z will lie in m because two points 
of the line will be in m, its intersection with I and P, (§5, II, 3) 

3. But in m one and only one line can be constructed X I 
through P, and .*. in space one and only one line can be con- 
structed J_ I through P, 
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79. Theorem. In apace an infinity of line» can be con- 
etrueted perpendicular to a given line I through any point P 
of I. 

Proof. 1. An iofinity of planes can be passed through I. 

(552) 

2. In each of these planes one and only one line can be con- 
structed X I through P. 

3. .-. in space au infinity of lines can be constructed X I 
throi^h P. 

il/^- Theorem, If a line is perpendicviar to each of two 
interteeting linet at their point of intersection, it is perpen- 
dicular to every other line in their plane passing through 
their point of intersection. 

J 



Given / a line;^ and ^ two lines X I at point O; m the plane 
determined by l^ and 4 ; h any other line in m passing thrDugh O. 

To prove I A. Z,, 

Proof. 1. Draw in m a line l, intersecting ^, l^ and {,, and 
call the points of intersection G, H, and K. 

2. On /, take 0P= OP", and draw the lines PG, Pff, PK, 
PQ, PH, and PK. 

3. A POO = A i^OG and A POfl"= A P'O-K (Why?) 

4. .■.APGK=APGK. (Why?) 
6. .-. APGH-rAPGH. (Why?) 



26 



7. ^ 

o. .'•6 IS _L. (9* 



SOLID GEOMETRY 
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.•.APOH=AFOH. 
..APOH=Z.P'OH. 



(Why ?) 
(Why?) 



(Dejihition. If one line intersects another so as to make the two ad- 
jacent angles on one side of either line equal, the lines are said to be 
perpendicular to each other. ) 

81. Definition, If a line intersects a plane, the point in 
which the line meets the plane is called its foot. 

82. Definition, A line which so meets a plane that it is 
perpendicular to every line of the plane through its foot is 
said to be perpendicular to the plane and the plane is perpen-. 
dicular to the line. 

83. Definition. A line which intersects a plane and is not 
perpendicular to it is said to be oblique to the plane. 

It follows from §80 and §82 that a necessary and suffi.<jient 
condition in order that a line shall be perpendicular to a given 
plane is that it shall be perpendicular to two lines of the plane 

througti its foot. . ^ 

; - ■ . 

84. Corollary 1. Equal oblique lines to a plane from a 
point in a perpendicular to the plane meet the plane at equal dis- 
tances from the foot of the perpendicular, 

85. Corollary 2. If oblique lines to a plane from a point- 
in a perpendicular to the plane meet the plane at equal distances 
from the foot of the perpendicular , they are equal, 

86. Corollary 3. If a plane is perpendicular to one of two 
parallel lines, it is perpendicular to the other line also. 



^ 




* 
§ 
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87. Corollary 4. If a line is perpendiindar to one of two 
parallel planes it is perpendicular to the vther plane also. 




\ 



88. Theorem, if a plane is perpendicular to a line at a 
given point of the line^ it contains all lines perpendicular to 
the line at the point. 
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Given / a line ; mi a plane ± to /at point ; /i a line ± / at 0. 

To prove li lies in mj. 

Proof. 1. Zand ?i determine a plane mj. (§37) 

2. Since mj and m^ are not identical and have point in 
common they intersect in a line Zj (§60) 
which passes through 0. (§*7) 

3. Since U, lies in mi and passes through it is ± I, (§ 82) 
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4. Since Z^ and 72 ^'^d I are all in the plane mj, and li and ^2 
are both _L Z at 0, they must coincide. 

([In a plane], one line and only one can be drawn perpendicular to a 

line [of the plane] at any ^oint of the line.) 

* 

6. .'. li lies in mj. 

89. Theorem. One and only one plane perpendicvlar to 
6 given line can he passed through any point of the line. 




Given / a line ; P any point on /. 

To prove I one plane, II only one plane JL I can he paused 
through P. 

Proof. I. 1. Two lines l^ and Zj can be constructed through 
P±Z. . (§79) 

2. li and l^ determine a plane m (§ 37) 

which is ± Z at P. * (§§80; 82) 

II. 1. If two planes ± I could be passed through P, they 
would both contain l^ and Zj. (§ 88) 

2. But two planes cannot contain l^ and Zj. (§ 37) 

3. .'. only one plane ± I can be passed through P. 

. 90. Corollary. AU lines perpendicular to a given line I at 
a given point P of I farm the pencil of lines determined hy P 
in the plane through P perpendicular to I. 
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'91. Theorem. One and only one line perpendicular to 
a given plane can be passed through any point of the plans. 




Given m a plane; P any point in m. 

To 2>T0ve I one line, II only one line Xm can he parsed 
throiigh F, 

[Analysis. A line will be ± m at P if it is JL two lines in m through P. 
(§§80; 82). In order to be JL to the first line in what plane must the- 
required line lie ? In order to be ± the second line ? What is the 
required line ?] 

Proof. I. 1. Two lines li and Zj can be drawn in m 
through P, 

2. Through P a plane m^ can be passed ± Zj and a plane mj 
XZj. (§89) 

3. Since mi and m^ are not identical and have point P in 
common, they will intersect in some line Zg (§ W) 
which will pass through P, (§ 47) 

4. Since Zg lies in mi it is J. li and since it lies in mj it is 
± k. . (§ 82) 

5. .-. ZgisimatP. (§§80; 82) 
II. 1. If two lines ± m could pass through P, both lines 

would be ± Zi and Zj. (§ 82) 

2. .-. both lines would lie in mi and mj. (§88) 

3. But mi and mj cannot have two lines in common. (§ 50) 

4. .-. only one line ± m can be passed through P. 
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j^ 92. Theorem. One and only one plane perpendicular to 
a given line can be passed through a given point without the 
line. 



m 



V 



Given / a line ; P any point without /. 

To prove I one plane, II only mie plane _L I can he passed 
through P. 

Proof. I. 1. A line V can be constructed through P || 
to I (§ 66) 

2. A plane m can be passed through P ± V. (§ 89) 

3. mis±Z. (§86) 

II. 1. If two planes J_Z could pass through P, then both 
planes would be ± V at P. (§ 86) 

2. But two planes cannot be ± V at P. (§ 89) 

3. .-. only one plane ± / can be passed through P. 

93. l!^OT?. It follows from § 89 and § 92 that one and only 
one plane perpendicular to a given line can he passed through any 
point in space. 



•EXERCISE 



V 



41. If Pi and P2 are any two points^ each line of the bundle of lines 
determined by Pi is perpendicular to one and only one plane of the 
bundle of planes determined by P2, and the points of intersection of 
these perpendicular lines and planes are all equidistant from the mid- 
point of the line segment PiP2' 
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94. Theorem. One and only one line perpendicvlar to 
a given plane can he passed through a given point withoiit the 
plane. 



/---*--- 


~~^— —•"——— • 


/ 


/ 


/ 


/ 


/ 


t 


/ 


f 


/ 1 


1 


/ 


t 


/ ' 


/ 


^_.. . _. 


-. — -.•• .^ 






/ 


/ 



^Suggestion. A proof of this theorem can be given which differs from 
the proof of the preceding theorem only in the interchange of the words 
line and plane.] 

95. Note. It follows from § 91 and § 94 that one and only 
one line perpendicular to a given plane can be passed through 
any point in space, 

96. Corollary 1. The per- 
pendicular from a point to a 
plane is the shortest line from 
the point to the plane. 

97. Corollary 2. The lo- 
cus of points in ' a plane at a 
given distance from a given 
point without the plane is the circumference of a circle of which 
the cehter is the foot of the perpendicular 
from the point to the plane. 

Proof. 1. Let Ahe s, point in a plane 
m at a given distance d from a point P 
without m, and let a circle c be drawn 
with the foot of the ± PO from P to 
m as center, and with OA as radius. / 

2. Every point in the circumference c 
is at the distance d from P. (§ 85) 
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3. Every point in m at the distance d from P is in c 

(§§84; 32) 

4. .-. the circumference c is the. locus of points in m at the 
distance d from P. (§ 44) 

98. Theorem. Thvo lines perpendicular to the same plane 
are parallel. 



4 




tHven m a plane, d and ^ two lines ± m at points Ai and A2 
respectively. 

To prove Zj II I2. 

Proof. 1. A line I can be constructed through A2 II ^i- (§ 55) 

2. ZwillbeXm. (§86) 

3. .'. Z will coincide with Zj. (§ 91) 

4. .*. Zi is II Z2. 



99. Corollary. Parallel planes are evei'ywhere equidistant. 
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100. Theorem. Two planes perpendicular to the same 
line are parallel. 




ihj 




m. 



ISuggestion. A proof of this theorem can be given which differs from 
that of the preceding theorem only in the interchange of the words line 
and plane.] 

101. Note. Theorem § 100 may be proved also by the in- 
direct argument, reductio ad dbsurdum. Why cannot Theorem 
§ 98 be proved by the same method ? 

102. Note. The totality of lines perpendicular to a given 
line Z at a given point P on Z all lie in a plane m perpendicular 
to Z at P (§ 90) and include every point of the plane (§ 18). 

We therefore say that if a line moves so as always to pass 
through a given point P of a line I and remain perpendicular 
to I, it generates a plane m perpendicular to m at P. 

We mean by this that the line assumes in succession the 
position of every line perpendicular to Z at P (§ 5, V, 2) and in 
so doing passes through every point of m and through no 
other point. 

103. Definition^ If a line is conceived to assume in succes- 
sion the position of every one of a system of lines on a given 
surface, and if in so doing it passes through every point of 
the surface and through no other points, it is said to generate 
the surface. 

104. Theorem. If a line moves so as always to touch a given straight 
line and pass through a given point without the line^ it generates a plane. 

105. Theorem. If a line moves so as always to touch a given straight 
line and remains parallel to its original position, it generates a plane. 
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EXERCISES 

42 a. If through the foot P of a perpen- 
dicular AP to a given plane m, a line PD/\s 
drawn perpendicular to any line BC \n m 
and their intersection D is joined to any 
point A of the perpendicular AP, then AD 
is perpendicular to BC, 

[^Suggestion. In the figure BD = DC] 

Because the hypothesis of the above theorem contains two condi- 
tions there are two reciprocal theorems. 

42 6. If from a point A without a 
given plane w, a line ^Z> is drawn per- 
pendicular to any line BC of m and 
through their intersection D a line DP 
is drawn in m perpendicular to BC and 
a line AP perpendicular to DP, then AP 
is perpendicular to m. 

* 42 c. If from a point \4 without a 

plane m, a line ^Z> is drawn perpendicular to any line BC of m 

and a line AP perpendicular to m, then the line PD is perpendicular 

toj5C. 




44. If two planes m, and m^ are 
parallel, and m^ is perpendicular 
to a line /^ and Wg is perpendicular 
to a line l^ then /^ and Z2 are par- 
allel. 



43. If two lines l^ and Zg ^^^ 
parallel and Zi is perpendicular to 
a plane m-^ and Zg is perpendicular 
to a plane wjg, then w^ and m^ are 
parallel. 

46. If a line meets a given plane obliquely, then one and only one 
line can be drawn in the plane perpendicular to the given line. 

46. A line parallel to a plane is everywhere equidistant from the 
plane. 



47. To construct a line perpen- 
dicular to a given plane through 
a given point without the plane. 

49. To construct a line perpen- 
dicular to a given plane through 
a given point within the plane. 



48. To construct a plane per- 
pendicular to a given line through 
a given point without the line. 

60. To construct a plane per- 
pendicular to a given line through 
a given point within the line. 



61. To construct a plane parallel to a given plane through a given 
point without the plane. 



/ 
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62. To construct through a given point a plane perpendicular to 
each of two intersecting planes. 



63. To construct through a 
given point P in a given line I a 
line perpendicular to / and par- 
allel to a given plane m. 



64. To construct through a 
given point P in a given plane m 
a plane perpendicular to m and 
parallel to a given line /. 



B 




D 



DIHEDRAL ANGLES 

106. Definition, When two planes intersect, any two of the 
half-planes into which they are divided by their line of inter- 
section form a dihedral angle ; the half-planes are 
called the faces and their intersection is called the 
edge of the dihedral angle. 

A dihedral angle may be designated by naming a let- 
ter in one face, two letters on the edge, and then a letter 
in the other face, or, by two letters on the edge. Thus 
the dihedral angle pictured by the above figure may be designated by 
C-AB-D or hj AB. 

107. Definition. Two lines lying one in each 
face of a dihedral angle and perpendicular to its 
edge at the same point form a plane angle of the 
dihedral angle. 

The angle RST is a plane angle of the dihedral angle 
C-AB-D if SR is in face EC, ST in face BDj and both are perpen- 
dicular to ^-B at point S, 

108* Corollary. All plane angles of the same dihedral angle are 
equal. 
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109. Corollary. A plane perpendicular to the edge of a dihedral 
angle cuts its faces in lines which form a plane angle of the dihedral angle. 




--^ 



^ 110. Definition, Dihedral angles are 
adjacent if they have a common edge ^r 
and a common face between them ; they 
are vertical if they have a common edge 
and the faces of one are the comple- 
mentary half-planes of the faces of the 
other. 

A-BC-D and A-BC-U are adjacent 
dihedral angles; A-BC-D and .4'-JBC-Z)' 
are vertical dihedral angles. 

111. Theorem. If the plane angles of two dihedral 
angles are equals the dihedral angles are congruent. 

ID M 
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Given A-BC-D and A^-BfC-I> two dihedral A ffitving equal 
plane A, MNP and M'N'P'. 



STRAIGHT LINES AND PLANES 37 

To prove A-BG-D = A'-E'C'-jy. 

Proof. 1. Line BC is ± lines MN and NP. (§ 107) 

2. .-. ^Cis ± plane MNP. (§ 80) 

3. In like manner B'C is ± plane M'N'P'. 

4. Place A-B^C-U on A-BC-D so that the equal ^ JlfiVP 
and M'N'P' shall coincide (§ 28) 
and then the planes of these A will coincide. (§ 87) 

6. Since now B^O and BC are both J. the same plane 
MMP (or M'N'P') at the same point N (or N% they will 
coincide. (§ 91) 

6. Since now B^O' coincides with BC, N'M' with NM, and 
N'F with ^P, face A^C will coincide with face AC, and face 
Z^'C will coincide with face DC (§ 37) 

7. Since the dihedral A A-BC-D and A-BC-B^ coincide 
throughout they are congruent^ (§ 28) 

112. Corollary. Two vertical dihedral angles are congnient. 

113. Theorem. If two dihedral angles are equals their 
plane angles are equal. 

For, the dihedral A can be made to coincide. (§ 28) 

Then any plane Z of one dihedral Z will obviously be also 

a plane Z of the other dihedral Z. (§ 107) 

114. Definition. The measure of the angle of two intersecting 
planes is the measure of the plane angle of their dihedral angle. 

115. Definition. If the plane angle of a a 
dihedral angle formed by two planes is a 9ir^' 
right augle, the planes are said to be per- \ 

pendicular to each other and the dihedral J 

angle is called a right dihedral angle. y_ ]/ ^J^ 

116. Theorems. If two planes are perpen- 
dicular to each other f one plane intersects the other plane so as to make the 
two adjacent dihedral angles on one side of either plane equal. 



38 



SOLID GEOMETRY 



EXERCISES 

117. Definition. If two parallel planes are cut by a third 
plane, there are formed interior, exterior, alternate-interior, cor- 
responding exterior-interior di- 

. hedral angles analogous to plane 
angles of the same name. 

56. If two parallel planes are cut 
by a third plane, then, 

(1) alternate ititerior dihedral 
angles are equal, 

(2) corresponding exterior-in- 
terior dihedral angles are equal, 

(3) the interior dihedral angles 
on the same side of the transverse 
plane are supplementary. 

- 66. Two lines may be drawn one in each of two intersecting planes so 
as to make an angle .with one another of any magnitude less than 180^ 

67. To cut a dihedral angle by a plane in a right angle. 

118. Theorem. If a line is perpendicular to a plane, 
every plane through the line is perpendicular to the plane. 





Given my a plane; CD a line ± m^ at 2>; nij a plane passing 
through CR 

To prove m^ J_ wig. 

Proof. 1. Since mi and m^ are not identical and have point 
D in common, they intersect in a line AB passing through D. 

(§§60 and 47) 

2. CD is ±AB. (§82) 
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3. Draw in mi through D a line DE ± AB\ 

4. Z. CDE is a plane Z of dihedral Z C-AB-E, 

6. GD is ±DE, 
6. .'. m^ is J_ m2^ 
Compare § 118 with § 82. 

119. Theorem. If two planes are perpendicular to each 
other ^ a line drawn in one plane perpendicular to their inter- 
section is perpendicular to the other plane. 



(§ 107) 

(§82) 
(§ 116) 




Given m^ and nig two ± planes intersecting in the line AB; CD 
a linfe in 7112 A. AB at 2>. 

To prove CD J_ mi. 

Proof. 1. Draw in m'l through D a line DE ± AB. 

2. Z CD^ is a plane Z of the dihedral Z C-^AB^E. (§ 107) 

3. Since ?n,i and m2 are J_ each other, Z (7i>^ is a right Z. 

(§116) 

4. Since 02) is ± both -4J5 and DE it is ± mi. (§§ 80 ; 82 ) 

120. Corollary 1. If two planes are perpendicular, a line 
drawn through any point of one plane perpendicular to the other 
plane lies in the first plane. [Use §§119 and 96.] 

121. Corollary 2. A plane perpendicular to one of two 
parallel plan£s is perpendicular to the other plane also. 

122. Note. It follows from §119 and §118 that a neces- 
sary and sufficient condition in order that two planes shall be 
perpendicular to each other is that one plane shall contain a 
line perpendicular to the other plane. 
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123. Theorem. If two intersecting planes are perpen- 
dicular to a third plane^ their intersection is perpendicular 
to that plane. 




Given m a plane ; mi and 1112 two planes intersecting in line / and 
both J. m. 

To prove I ± m. 

Proof. 1. Through any point Ooil pass a line Zj, ± m. (§ 96) 

2. Since lies in mi line li lies in wii, and since lies in 
mj line Zi lies in twj. (§ 120) 

3. Since li lies in both rrii and mj it must coincide *with 
their intersection I, (§ 60) 

4. .*. Since li was drawn JL m, Z is ± m. 
Compare § 123 with §§ 80 and 82. 



EXERCISES 

67 a. If two intersecting planes are respectively perpendicular to 
two intersecting lines, then the line determined by the planes is per- 
pendicular to the plane determined by the lines. 

Use the above theorem to solve the problem of constructing a line 
perpendicular to a plane m through any point P. 

67 b. The plane perpendicular to the edge of a dihedral angle from 
any point P contains the perpendiculars from P to the faces of the 
angle. 

67 c. All planes through a point P perpendicular to a plane m 
form the pencil of planes determined by the line through P perpen- 
dicular to m. (Compare § 90.) 
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124. Theorem-. Through any straight line not perpen- 
dicular to a given plane one plane and hut one can he passed 
perpendicular to the given plane. 



/Z 



l^^r^ 







Ghren m, a plane; 4 a lihe not ± m^. 

To prove I one plane; II only one plane can he passed through 
li -L nil. 

Proof. I. 1. Construct a line /^ through any point P of li 
JL mi. (§ 96) 

2. li and I2 determine a plane m2A.m, (§§ 37 ; 118) 

II. 1. If a second plane ± m^could pass through l^y it also 
would contain I2. (§ 120) 

2. But only one plane can contain ^ and Zj. (§ 37) 

3. .'. only one plane can be passed through li Jl 7/1^. 
Compare § 124 with Ex. 45. 



EXERCISES 



68 a. If a plane and a line not 
in the plane are perpendicular to 
the same line, they are parallel. 

69 a. All lines through a given 
point perpendicular respectively 
to the planes of a pencil of planes 
lie in the same plane. 

60. A plane perpendicular to one 
dicular to the other plane also. 



68 b. If a line and a plane not 
containing the line are perpendic- 
ular to the same plane, they are 
parallel. 

69 b. All planes through a 
given point perpendicular respec- 
tively to the lines of a pencil o^ 
lines pass through the same line. 

of two parallel planes is perpen- 
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61 a. Lines through a given 61 b. Planes through a given 
point perpendicular to any num- point perpendicular to any num- 
ber of planes which are parallel ber of lines which are parallel 
to the same line lie in the same to the same plane pass through 
plane. a common line. 

62. Planes perpendicular to the chords of a circle at their mid- 
points pass through a common line. 

63. If two intersecting lines are respectively perpendicular to two 
intersecting planes, the acute angle of the lines equals the acute 
angle of the planes. 

64. What is the locus of points equidistant from two parallel lines ? 

64 a. What is the locus of points equidistant from two intersecting 
lines ? 

64 5. What is the locus of points equidistant from the three sides 
of a triangle ? » 

66. If three planes m^ m^t m^ are mutually perpendicular, then 
their lines of intersection pass through a common point and are 
mutually perpendicular. 

66. If l^ and /g ^.re parallel lines and Z, is a parallel line in their 
plane mid-way between them, then the intersections of the planes 
through Zj with the planes through Zg to which they are respectively 
perpendicular are parallel to each other and are equidistant from /g. 

125. Definition. . The projection of a point on a plane is the 

foot of the perpendicular from 
the point to the plane. 

126. Definition. The projection 
of a line on a plane is the locus 
of the projections of the points 
of the line on the plane. 

127. Corollary. If a straight 
line is perpendicular to a given plane, 
its projection on the plane is a point. 

128. Theorem. The projection on a plane of a straight 

line not perpendicular to the plane is a straight line. 

[^Suggestion. Show that the* projection of the line on the plane is the 
intersection with the plane of the plane through the line perpendicular to 
the given plane.] 
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129. Theorem. The acute angle which a straight line 
makes with its projection on a plane is the least angle that it 
makes with any line of the plane. 




Given m a plane ; AB a straight line intersecting m in point P; 
AiB^ the projection of AB onm ; TR any other line in m through P. 

To prove /. APB^ < Z APR. 

Proof 1. From any point K on AB drop a X J^L to plane m, 

(§93) 

2. The foot L of KL is the projection of point ^ on m ; 

(§ 125) 
and .-. it lies in AiBi. (§ 126) 

3. On TR take the segment PS = PL and draw KS. 

4. In the A KPS a.nd KPL, 

KP is common, 

PS = PL, (3) 

but KL < KS, (§ 96) 

and .-. Z KPL < Z KPS. 

(If two triangles have two sides of the one equal respectively to two 
sides of the other but the third side of the first less than the third side of 
the second, then the angle opposite the third side of the first is less than 
the angle opposite the third side of the second.) 



6. That is, 



Z APB, < Z APR. 
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129 a. Definition. By the angle which a straight line makes 
with a plane is meant the acute angle which it makes with 
its projection on the plane. 

EXERCISES 

67. If a line is oblique to a plane, what angles may it make with . 
lines of the plane ? 

68. Through the point where a given hne meets a plane to draw 
a line in the plane to make a given angle with the given. line. 

69 a. The projections of parallel lines on a given plane are parallel. 

69 h. The projections of a line on parallel planes are parallel. 

70 a. Parallel lines make equal 70 h. Parallel planes make 
angles with a given plane. equal angles with a given line. . 

71 a. If m^ and m^ are two intersecting planes and the projection of 
a given point P on w, is P^ and its projection on m^ is Pg, then the 
projections of P^ and Pg ^^ *he line m^^ ^ coincide. 

71 h. If a line / is perpendicular to a plane m^, its projection on a 
plane m^ is perpendicular to the line m^m2^ 

72 a. If a right angle has one of its sides parallel to a plane, its 
projection on the plane is a right angle. 

72 h. If the bisector of an angle is parallel to a given plane, its 
projection on the plane bisects the projection of the angle. 

72 c. Given an angle XOY. Find a plane such that the projection 
of this angle on the plane is a right angle. 

73. The projection of a parallelogram on a plane is a parallelogram. 

74. If a line I meets a plane m obliquely, then the line in m per- 
pendicular to I is perpendicular to the projection of / on m. 

76. What is the locus of points in a plane such that the lines which 
join them to two given points Pj and Pg without the plane are equally 
inclined to the plane ? 

76. If the projections of a given line, on each of two intersecting 
planes is a straight line, then the given line is in general a straight 
line. In what case is the proposition at fault ? 

77. A straight line equally inclined to the two faces of a dihedral 
angle cuts these faces in two points equally distant from the edge of 
the angle. 

1 Since two planes can have but one common line, a line may be named 
by two planes which contain it as well as by two points which lie upon it. 
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130. Theorem. The locus of poinU equidistant from two 
given points is the plane perpendicular to the line segment 
joining the points at its midpoint. 




-t 



(Hyen A and B, two points ; m a plane ± the line AB at the 
midpoint of the segment AR 

To prove m is the locus of points equidistant from A and B, 

Proof. I. 1. If P is any point in m, then the line PO is ± 
AB. (§82) 

2. .-.Pis equidistant from A and B, (Why?) 

11. 1. If P is any point equidistant from A and B, then 
the line PO i& ± AB. . (Why ?) 

2. .-. PO lies in m. (§ 88) 

3. Since every point in m is equidistant from A and B and 
every point equidistant from A and B is in m, therefore the 
plane m is the locus of points equidistant from A and B. 

(§44) 

131. Corollary 1. The locus of points equidistant from 
three non-collinear points Ay B, and C is the line perpendicular 
to the plane determined by Ay By and C at the center of the circle 
determined by Ay By and 0. 

{^Suggestion. The required locus is the intersection of the locus of 
points equidistant from A and B with the locus of points equidistant from 
B and C] 



46 



SOLID GEOMETRY 



132. Corollary 2. There is one and 
only one point equidistant from four points 
Ay By C, and D which are not all in the same 
plane. 

[Suggestion. The locus of points equidistant 
from A^ B^ and C, and the locus of points equidis- 
tant from B, C, and D lie in the same plane and 
intersect in a point which is equidistant from A^ 
B, (7, and Z>.] 

133. Theorem. The locus of points equidistant from 
the faces of a dihedral angle is the half -plane which bisects 
the dihedtal angle. 

P 





Given nti and nij two half-planes fonning a dihedral Z whose 
edge is / ; m3 the half -plane which bisects the dihedral Z^ 

To prove I. Every point in m^ is equidistant from mi and m^, 

II. Every point equidistant from m^ and wij *^ ^^ ^s* 

Proof. I. 1. If P is any point in mg, a plane m^ can be 
passed through P A.I. (§ 93) 

Denote the lines of intersection of m^ with mi, mj, and m, by 
19 29 ancL %f^» 

2. I will be _L /i, ky and k. (§ 82) 

3. Iz will bisect the Z formed by l^ and Zj. (Why ?) 

4. .'. P is equidistant from l^ and Zj. 

(Every point in the bisector of the angle formed by two lines is equi- 
distant from the sides of the angle.) 

6. But the distances of P from ^ and ^ are the distances 
of P from mj and ?%• (Why ?) 



J 
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(§82) 
(Why?) 
(Why?) 



6. .-. P is equidistant from mj and ni2. 

II. 1. If P is any point equidistant from mj and mj, a 

plane m^' can be passed through P* 1.1. (§ 93) 

Denote the lines of intersection of m^* with niiy m^, and m^ by 

2. Z will be ± li, I2, and Z,'. 

3. Z3' will bisect the angle formed by Z/ and Zj'. 

4. P' is equidistant from Z/ and Z2'. 

5. .-. P' will lie in Z,' and .-. in wig. 

(The bisector of the angle formed by two half-lines is the locus of 
points [in the plane of the angle] equidistant from its sides.) 

6. Since every point in m^ is equidistant from rrii and m2, 
and every point equidistant from wij and m2 is in m,, therefore 
the half-plane m^ is the locus of points equidistant from mi 
and wij. (§ ^) 

134. Theorem. There can be constructed one and only 
one line perpendicular to each of two skew lines. 




Given d and 4 two skew lines. 

To prove I one line; II only one line can he constructed i. 
hoth li and I2. 

Proof. 1. 1. Through one of the lines Zj a plane m can be 
passed II I,. (§ 60) 

2. Through li a plane mi can be passed ± m. (§ 124) 

Denote the intersection of mi and m by Zg. 
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3. ?8 will be II ?i. (§62) 

4. .*. Zg will intersect Zj ii^ some point P. (Why ?) 

5. Through Zj a plane nii can be passed ± m. (§ 124) 

6. Since mj and m2 are not identical and have point P in 
common they will intersect in same line Z^. (§ 60) 

Z4 will pass through P. (§ 47) 

7. Z4 will be J- m, (§123) 
and .". ^4 will be ± li and ^. (Why ?) 

II. 1. If there ccjuld be a second line J. both Zj and Zj, it 
would be ± m, (Why ?) 

and it would /.lie in mi and in m^ (Why ?) 

2. But mi and mj cannot have two common lines. (§ 60) 

3. .'. only one line can be constructed ± both Zi and Zj. 

135. Corollary. The segment of the common perpendicular 
to two skew lines intercepted by the lines is the shortest line segment 
that can be constructed joining a point of one of the lines to a 
point of the other line, 

POLYHEDRAL ANGLES 

136. Definition, If through a point S there pass three or 
more planes to which a definite order has been assigned, mi, 
7)12, m^y m4, ••• m,^y no three of which pass 
through the same line, and if a half-line 
is chosen on each of the lines of intersec- 
tion, miTTij, m2m3,m3m4, ••• m^m^, then the 
portion of the planes limited by these 
half -lines form a polyhedral angle; the 
point S is called the vertex of the angle ; 
each half -line is an edge ; the portion of 
each plane included in the figure is a 
face; every pair of consecutive edges form a face angle; and 
every pair of adjacent faces form a dihedral angle of the poly- 
hedral angle. 
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137. Definition, A polyhedral angle having 
exactly three faces is called a trihedral angle. 

138. Definition. A plane polygon is said to be 
conyez when it lies entirely on one side of each of its 
bounding lines ; otherwise it is said to be concave. 

139. Theorem. A straight line can cvt the perim- 
eter of a convex polygon in at most two points. 

140. Definition. When a geometric figure F is cut by a 
plane m, then the points common to m 

and I'' is a plane figuve which is called the 
section of 1^ by m. 

141. Definition. A polyhedral angle is 
said to be convex if it lies entirely on one 
side of each of the planes forming the 
angle ; otherwise it is said to be concave. 

142. Theorem. The section ABCD . . . of 
a convex polyhedral angle made by a plane cut- 
ting all of its edges hut not passing through its vertex is a convex polygon 

For if the polygon did not lie entirely on one 
side of one of its bounding lines, AB, then the 
polyhedral angle would not lie entirely on one 
side of the face in which AB lies. 

143. Definition. The complementary half- 
lines of the edges of a polyhedral angle are 
the edges of a second polyhedral angle formed 
by the planes of the first angle and called the 
vertical or opposite polyhedral angle of the first. 

144. Definition. The face angles and di- 
hedral angles of a polyhedral angle are called 
its parts. 

EXERCISE 

78. The face angles and dihedral angles of a convex polyhedral 
angle are each less than 180^. 




/ 
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145. Theorem. Two vertical polyhedral angles have 
their corresponding parts equal but placed in reverse order 
in the two figures. 




Given the vertical polyhedral 'A S-ABCD and S-A'ffCiy. 

To prove their face A and dihedral A are ^respectively equal 
and are placed in reverse order in the two angles. 

Proof. 1. Each face Z of S-ABCD equals its coplanar face 
Z of S-A'B'CD', since they are vertical A. 
(Vertical angles are equal.) 

2. Each dihedral Z of S-ABCD equals the dihedral Z of 
S-A'B'C'D' which has the same edge, since they are vertical 
dihedral A. (§ 112) 

3. If the figure were broken apart at S and each polyhedral 
Z were placed with its vertex upward and were then looked 
down upon from, above, it would be seen that corresponding 
parts succeed each other in opposite order in the two polyhedral 
angles. 

146. Definition. Two polyhedral angles which have the 
same number of parts equal each to each and placed in reverse 
order are called symmetrical polyhedral angles. 

A pair of gloves may serve to illustrate symmetrical figures. 
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EXERCISES 

79. A plane can be perpendicular to only one edge and two faces ^ 
of a polyhedral angle. > v 

80. If one dihedral angle of a trihedral angle is right, then any sec- 
tion of the trihedral angle *by a plane perpendicular to one edge is a 
right triangle. 

81. To cut a polyhedral' angle with four faces by a plane so that 
the section shall be a parallelogram. 

82. If the edges of a polyhedral angle 0-ABCD are respectively 
perpendicular to the faces of a second polyhedral angle 0-A'B'C'D', 
then the edges of 0-A'R'C'D' are perpendicular to the faces of 
0-ABCD. 

83. The 'three straight lines drawn one in each face of a trihedral 
angle perpendicular to the opposite edge lie in the same plane. 

147. Theorem. The sum of two face angles of a tri- 
hedral angle is greater than the third face angle. 




Given S-ABC, a trihedral Z having face Z ASC greater than 
either of the face A ASB or BSC. 

To prove Z ASB + Z BSC > Z ASC, 

Proof. 1. In the face ASC draw a line SD making Z ASD 
= Z ASB ; and draw a line cutting SA, SC, and SD in points 
Af C, and D respectively. 

On SB take SB = SD and draw the lines AB and BC. 

2. A ASB = A ASD. (Why ?) 

3. .\AB=:AD. (Why?) 

4. AB-hBOAC. 

(The sum of two sides of a triangle is greater than the third side.) 
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6. Subtracting the equality (3) from the inequality (4) we 
have 

BC > DC. (§ 86, IV, 2) 

6. In A BSC and DSC 

SC is common. 

SB = SD. (1) 

BC > DC (6) 

.'.ZBSO Z.DSC 

(If two triangles have two sides of one equal respectively to two sides 
of the other, but the third side of the first greater than the third side of 
the second, then the angle opposite the third side of the first is greater 
than the angle opposite the third side of the second.) 

7. . • . since Z ASB = Z ASD, ' (1) 

ZASB + ZBSO ZASD-^ZDSC, (§86,IV,1) 
or Z ASB + Z BSC > Z ASC. 

148. Theorem. The Bum of the face angles of a convex 
polyhedral angle is less than four right angles. 




Given the convex polyhedral Z V- ABODE. 
To prove 
Z AVB -h Z BVC-{- Z CVD + ZDVE + Z EVA < 4 right A. 

Proof. 1. Cut the faces of V-ABCDE by a plane which 
cuts every edge but does not pass through V. The section 
thus formed, ABCDE, is a convex polygon. (§ 142) 
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2. Take any point P within the polygon and join it with 
A, By C,D,E. 

3. If the number of faces of the polyhedral Z is n, there 
will be n A having the common vertex V, and n having the 
common vertex P. 

4. .'. since the sum of the /i of a A is 2 right A, 
sum of all A of all A about F= sum of all A of all A about P. 

5. Z VBA + Z. VBC > Z ABC. 

Z VCB + Z VCD > Z BCD. 

Z VDC+Z VDE > Z CDE, etc. (§ 14T) 

6. Adding together the inequalities (6) we have: 

sum of base Aoi A about V > sum of base A ot A about P. 

(§ 36, V) 

7. Subtracting the inequality (6) from the equality (4) "we 
have: 

sum of A about F< sum of A about P. (§ 36, IV, 3) 

8. The sum of the A about P is 4 right A. 

(The angular magnitude about a point in a plane is four right angles.) 

9. .'. the sum of the angles about F, or 

ZAVB 4- Z BVC+Z CVD -\-ZDVE-\-Z EVA is < 4 right A 

EXERCISES 

83 a. Illustrate the truth of theorem § 148 by folding a sheet of 
paper into the form of a convex polyhedral angle. 

83 b. What is the locus of points equidistant from the three edges 
of a trihedral angle ? 

83 c. If each face angle of a trihedral angle is a right angle, then 

1. Each edge is perpendicular to the face of the other two edges. 

2. Each dihedral angle is a right angle. 

83 rf. If a half-line VP passes through the vertex of a trihedral 
angle V-ABC and lies within the angle, then, 

ZPVA +ZPVB<Z.CVA +ZCVB. 
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149. Theorem. If two trihedral angles have two face 
angles and the included dihedral angle of one equal respec- 
tively to two face angles and the included dihedral angle of 
the other^ they are congruent or symmetrical according as the 
given equal parts are placed in the same or in reverse order 
in the two figures. 

Given S-ABC and S^-A'B'C, two trihedral angles having 
ZASB^ZA'S'B', ZASC^ZA'S'C and dihedral ZSA.= 
dihedral Z S^A'. 

To prove S-ABO and S'-A'B^O are congruent or symmetrical. 

Case 1. When the given equal parts are placed in the same 
order. 



Proof. 1. Place 8' -ABC on S-ABC so that the equal 
dihedral AS'A^ and SA shall coincide, with point S' on S. 
Then since the given equal parts succeed each other in the 
same order, angles A!S'B and ASB will lie in the same plane, 
and since they are equal they will coincide. (§ 28) 

2. In like manner Z A'S'C will coincide with Z ASC. 

3. Since S'C coincides with SC and S'Bf with SB, plane 
CS'B' will coincide with plane CSB. (§ 37) 

4. Since the trihedral A coincide throughout, they are con- 
gruent. (§ 28) 
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Case 2. When the given equal parts are placed in reverse 
order. 






Proof. 1. Consider the trihedral 
Z S-AiBiCi vertical to S-ABC. 
These two trihedral A have their parts re- 
spectively equal but placed in reverse order. 

(§ 146) 

2. .-. the trihedral A 8' -ABC and 

« 

S-A^B^Ci have two face A and the included 
dihedral Z of one equal respectively ta two 
face A and the included dihedral Z of the 
other and placed in the same order. (§ 36, 1) 

3. .-. S'-A'B'(7 and S-^A^B^C^ can be made 
to coincide. (Case 1) 

4. .'. since S-ABC and S-AiB^Ci are symmetrical (§ 146), 
S-ABC 2,ndi S'-A'BC are symmetrical. 

160. Note. It follows from § 149 that if two trihedral 
angles have all the parts of one equal respectively to all the 
parts of the other and placed in the same order, they are con- 
gruent. 

EXERCISE 

83 e. If a trihedral angle V-ABC whose face angles are all right is 
cut by a plane M which intersects its edges in points A, B, C, then : 

1. The projection P of the vertex F on m is the point common to 
the altitudes of the triangle ABC\ 

2. The area of the triangle VAB is a mean proportional between 
the areas of the triangles ABC and PAB. 
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151. Theorem. If two trihedral angles have the three 
face angles of one equal respectively to the three face angles 
of the other, their corresponding dihedral angles are equal. 






Given F-ABC and V-A^ffC, two trihedral A having Z. AVB = 
A A'r^y Z BVC = Z JB'rC and Z CVA= Z CV'AK 

To prove dihedral A VA, VB, VC are equal respectively to 
dihedral AT A\ V'B'.and V'C, 

Proof. 1. On the six edges take VA= VB = VC = V^A' = 
V'B'= V'O and draw the lines 4 A BO, CA, A'B\ B'CT, and 
C'A'. 

2. At any point D of VA draw in face AVB line DE 1. VA 
and draw in face A VC line DF ± VA, 

3. Z DAB is an acute Z since it is one of the equal angles 
of the isosceles A A VB, (Why ?) 

4. .-. since Z ADE is a right Z, the line i>^ cannot be II AB 
(why ?) and must intersect line AB in some point E on the 
same side of A with B. - (Why ?) 

5. In like manner DF will intersect AC in some point F on 
the same side of A with C 

6. Draw -E;1^. 

7. On V'A' take 4.'Z)' = AD and at Z)' repeat the construc- 
tion made at D. 

8. A EDF and E'D'F are plane ^ respectively of the dihe- 
dral A VA and F'4'. (§ 107) 

9. AAVB=AA'V'B',ABVC=AB'V'a 

and A (7F4 = A 0' F4'. (Why ?) 
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10. AABC=^AA'B'C. (Why?) 

11. ADEA=^AD^E'A' 

and ADFA^AUFAL (Why?)^ 

12. AAEF=AA'E'F'. (Why?) 

13. AEDF^AE'D'r. (Why?) 

14. . •. Z EDF = Z E'D'F\ (Why ?) 

15. .-. dihedral Z^A = dihedral Z SA'. (§ 111) 

16. In like manner the remaining pairs of corresponding 
dihedral A can be proved equal. 

152. Note. It follows from § 161 and § 160 that if two trihe- 
dral angles have their face angles respectively equal, they are 
congruent when their corresponding face angles are placed in 
the same order and are symmetrical when they are placed in 
reverse order. 

EXERCISES 

' 84. In a trihedral angle any face angle is greater than the differ- 
ence of the other two face angles. 

86. The sum of the angles of a skew quadrilateral is less than four 
right angles. 

86. If two face angles of a trihedral angle are right, the dihedral 
angles opposite them are right dihedral angles, and conversely. 

87. The sum of the angles which^the edges of a trihedral angle 
make with their opposite faces is less than the sum of the face angles 
and greater than one half of this sum. 

88. If a trihedral angle has two equal face angles, the dihedral 
angles opposite them are equal, and conversely. 

89. In a trihedral angle the greater face angle is opposite the 
greater dihedral angle. 

90. The bisectors of the dihedral angles of a trihedral angle inter- 
sect in a straight line. 

91. In a trihedral angle the planes passed through the edges per- 
pendicular to the opposite faces intersect in a common line. 
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92. In a trihedral angle the planes through the edges and the 
bisectors of the opposite face angles pass through the same line. 

93. If in the trihedral angle S-ABCy angle ASB = angle ASC, 
then the plane through 5^ perpendicular to the face BSC bisects 
the dihedral angle SA and also the angle BSC. 

94. From a point within a trihedral angle, perpendiculars are let 
fall on the faces of the trihedral angle. These perpendiculars are 
the edges of a second trihedral angle. Prove that the face angles of 
one trihedral angle are supplementary to the dihedral angles of the 
other. 



CHAPTER II 



POLYHEDRONS 



An ordinary box or room represents a closed portion of space 
limited by planes. 

153. Definition, A solid whose limiting surfaces are all 
plane is called a polyhedron. 

154. Definition. The portion of each of the bounding 
planes included in the surface of the polyhedron is called a 
face ; the intersection of two adjacent faces is the edge of the 
dihedral angle formed by them and is called an edge of the 
polyjiedron; the intersection of two consecutive . edges in 
the same face is a point common to at least three faces and is 
the vertex of the polyhedral angle* formed by them ; it is 
called a vertex of the polyhedron. 

155. Definition. A diagonal of a polyhedron is a line join- 
ing two vertices not in the same face. 

The polyhedron represented by an ordinary box lies en- 
tirely on one side of each of its bounding planes. 

156. Definition. A polyhedron which lies entirely on one 
side of each of its bounding planes is said to be convex ; other- 
wise it is said to be concave. 

157. Theorems. 1. All the faces of a convex polyhedron are 
convex polygons. (Compare § 142.) 

2. Every plane section of a convex polyhedron is a convex poly- 
gon. 

3. Every polyhedral angle of a convex polyhedron is convex. 

4. A straight line cannot cut the surface of a convex polyhedron 
in more than two points. 

158. Definition. A polyhedron of four faces is called ^ 

tetrahedron ; one of six faces is called a hexahedron ; * one of 

eight faces an octahedron, etc. 

59 
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EXERCISES 

95. Show that the least number of faces that a polyhedron can 
have is 4. How many vertices has a four-faced polyhedron? how 
many edges? 

96. Show that every face angle and every dihedral angle of a con- 
vex polyhedron must be less than 180°. (Compare Ex. 78.) 

THE PRISM 

159. Definition, *If any number n of planes to which a defi- 
nite order has been assigned, mi, wij, ma, m^ ••• m„, no three of 
which pass through the same line, have their lines of intersec- 
tion all parallel to each other,* then the portions of the planes 
limited by the lines of intersection of consecutive planes miTn^, 
rn^m^, ra^m^ ••• form a prismatic surface. 

160. Definition. The portion of each plane included in the 
surface is called a face and the intersection of each pair of 
consecutive faces is called an edge of the surface. 

161. Definition. By the definition of prismatic surface, when 
its faces are taken in a certain assignable order, each face, be- 
ginning with the first face, mi, intersects its succeeding face ; if 
also the last face, m„, intersects the first face, then the prismatic 
surface is said to enclose a prismatic space. 

162. Theorem. Each face of a prismatic surface is parallel to all 
the edges not lying in this face. 

163. Definition. If a plane intersects one edge and there- 
fore all the edges of a prismatic space (§ 56), it cuts the space 
in a transverse section; if the plane is perpendicular to one 
edge and therefore to all the edges (§ 86), the section is called 
a right section. 

164. Theorem. If a line moves so as to always touch a broken line 
and remains parallel to its original position, it generates a prismatic sur- 

'face ; if the broken line is closed y the surface encloses a prismatic space. 

1 This will be the case if the planes are all parallel to the same line. 
(Ex. 33.) 
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165. Definition* The moving line may be called the generator and 
the broken line the d gector o f the surface. 

Any given prismatic surface may be regarded as generated by a 
line moving so as to always touch a transverse section and, remain 
parallel to an edge of the surface. 

' 166. Definition, The portion of a prismatic 
space included between two parallel transverse 
sections of the space is called a prism. The two 
parallel transverse sections are called the bases 
of the prism ; the prismatic surface and its edges 
are called respectively the latent surface and 
lateral edges of the prism. 

167. Definition. The perpendicular distance between the 
bases of a prism is called its altitude. 

168. Definition. If the bases of a prism are right 
sections, the prism is called a right prism ; otherwise 
it is called an oblique prism. 

A right prism whose base is a regular polygon is 
. called a regular prism. The altitude of a right prism 
is the length of a lateral edge. 

169. Definition. A prism is triangular, quad- 
rangular, etc., when its base is a triangle, quad- 
rangle, etc. 

170. Definition. The portion of a prismatic 
space included between two non-parallel trans- 
verse sections is a truncated prism ; if one of 
the transverse sections is a right section, it is 
called a right truncated prism. 

EXERCISES 

97. A prismatic space is fully determined by any right section of 
the space. 

98. The sum of the dihedral angles of a convex prismatic space 
having n faces is equal to 2 (n — 2) right dihedral angles. 

99. Lines perpendicular to the faces of a prismatic surface from 
any point are coplanar. 
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171. Theorem. Parallel transverse sections of a pris- 
matic space are congruent. 




(§72) 

(§76) 

(§ 169) 



Given P a prismatic space : ABODE and A^BCLlEf two II trans- 
verse sections of P. 

To prove ABODE and A'B'CD'E^ are congruent. 

Proof. 1. AB is I! A'^', BC is II B'O, etc. 

2. .-. Z.ABC =Z A'B'Cy Z BCD = Z B'ffD', etc. 

3. The edges of P are II each other. 

.-. AB = A'B'y BO = B'O, etc. 
(Segments of parallel lines intercepted by parallel lines are equal.) 

4. .-. ABODE and A'B'OD'E' are congruent. 

(Two mutually equilateral and equiangular polygons are congruent.) 

172. Corollary 1. !Z%e bases of a prism are congruent. 

173. Corollary 2. 77te lateral edges of a prism are equal. 

174. Corollary 3. The lateral faces of a prism are parol- 
Idograms. 

175. Corollary 4. Tlie lateral faces of a right prism are 
rectangles. 

If the base of a prism has 5 sides, how many edges has the prism ? 
how many vertices ? if the base has n sides? Of what type are the 
polyhedral angles of a prism ? - , . 

An ordinary room is a portion of space enclosed 
by three pairs of. parallel planes. 

176. Definition, A polyhedron bounded by 
three pairs of parallel planes is called a paral- 
lelepiped. 




I 
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177. Theorem. If a pair of parallel planes are cut by 
a second pair of parallel planes^ the four planes enclose a 
prismatic space. 



X 





1 


is-. 


7\ 


'\ 





Proitf. 1. Let ai and Oj be two II planes and let bi be a plane 
intersecting ai, and &2 a plane II bi. Then bi will intersect Og 
and bz will intersect a^ and Oa- (§ 71) 

2. The lines (afii), (piO^, («2^2)> (Mi) are all II each other. 

(§§72 and 61) 

3. .*. the portions of planes a^ b^, a^ 62 limited by these 
lines form a prismatic surface which encloses a prismatic 
space. (§§ 169 and 161) 

1 78. Corollary. A parallelepiped is a prism any face of 
tohich may be taken as the base. 

179. Definition. A parallelepiped is called a right parallele- 
piped when the parallel faces taken as its bases are perpen- 
dicular to the other two pairs of parallel faces. 

WO. Corollary. The lateral edges of a right parallelepiped are 
perpendicular to the planes of its bases. 

181. Definition. A parallelepiped is said to be 
rectangular when each of its three pairs of parallel 
faces are perpendicular to each of the other two 
pairs of parallel faces. 
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A rectangular parallelepiped whose edges are all equal to 
each other is called a cube. 

182. Corollary 1. Every edge of a rectangular parallelepiped is 
perpendicular to the faces and edges which it meets, 

182 a. Definition, The lengths of the three edges of a rec- 
tangular parallelepiped which meet at a vertex are called its 
dimensions. 

183. Theorem. Any transverse section of the prismatic 
space enclosed by two pairs of parallel planes is a paral- 
lelogram. 




Proof. 1. Let the prismatic space enclosed by planes Ui II Oa 
and 6i II ftj b© cut by a plane k in the transverse section ABCD, 
AB being the line (koi) and CD the line (ka^), 

2. Then line AB is II CD and line AD is II BC, .(§ 72) 

3. .-. ABCD is a parallelogram. 

{Definition, A quadrilateral having its opposite sides parallel is a 
parallelogram.) 

184. Corollary 1. Every face of a parallelepiped is a 
parallelogram, 

185. Corollary 2. Every face of a rectangular paral- 
lelepiped is a rectangle. 
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EXERCISES 

100. A parallelepiped has 12 edges whicb are divided into three 
groups of four parallel edges each. 

101. The diagonals of a parallelepiped intersect in a common point 
which bisects each diagonal. 

Definition. The point common to the diagonals of a paral- 
lelepiped is called the center of the parallelepiped. 

102. Any line through the center of a parallelepiped meets the 
surface of the parallelepiped in points equidistant from 0. 

103. The four diagonals of a rectangular parallelepiped are equal, 
and the square on one of them is equal to the sum of the squares of 
the three edges of the parallelepiped which meet in a vertex. 

104. The sum of the distances of the vertices of a parallelepiped 
from any plane exterior to it, is equal to eight times the distance of 
its center from the same plane. 

106 a. To construct a parallelepiped having three of its edges on 
three given skew lines. 

106 5. To cut a cube by a plane so that the section shall be a reg-^ 
ular hexagon. 

ON MEASUREMENT 

186. Definition, When a magnitude A is the sum of parts 
each equal to another magnitude of the same kind IT, we say 
that ^ is a multiple of ^and that Uis an aliquot part of A. 

If A contains n parts each equal to U, then A is the nth 

multiple of U and U is the nth part of A, We express this 

by writing 

A = m ' U. 

U = -'A. 
n 

187. Definition, Two magnitudes A and B of the same kind 
are said to be commensurable when there is a third magnitude 
of the same kind which is an aliquot part of each. The third 
magnitude is called a common measure of A and B, 
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188. Definition, Two magnitudes of the same kind are in- 
commensurable when they have no common measure. That is, 
when no aliquot part of one, however small, is also an aliquot 
part of the other. 

For example, the side and diagonal of a square are incom- 
mensurable line segments; and also the edge and diagonal of 
a cube are incommensurable segments. 

189. Definition. In order to measure a magnitude A we try 
to find a common measure of A and a standard magnitude of 
the same kind, U, called the unit of measure. 

190. Definition, The unit line, or linear unit, is in general 
the linear inch, foot, yard, or mile ; the unit surface is, in 
general, the square whose side is the linear unit ; the unit solid 
is, in general, the cube whose edge is the linear unit. 

191. Definition, One magnitude is called a commensurable 
or an incommensurable magnitude according as it is com- 
mensurable or incommensurable with the unit of measure. 



MEASURE OF A COMMENSURABLE MAGNITUDE 

192. If a magnitude A is commensurable with the unit U, 
then A contains either U or an aliquot part of C/" a whole num- 
ber of times without a remainder 

(§187). If A contains U' exactly ^' ' '^ 

m times, then the integer m is jj 
called the mcmerical measure or 



simply the measure of A. If A does not contain U exactly a 
whole number of times but contains the nth part of U exactly 
m times, then A contains m nths of the unit and the numerical 



measure of A is the fraction — • 

n 



193. Definition. That is, the measure of a commensurable 
magnitude A is the number of times that A contains the unit 
or an aliquot part of the unit. 
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194. Theorem. If any number of magnitudes are all commensurable 
with the same unit Uj then there is an aliquot part of U which is an aliquot 
part of each of these magnitudes. 



MEASURE OF AN INCOMMENSURABLE MAGNITUDE 

We will first consider the measure of an incommensurable 
line segment. 

195. Approodmaie measure of a line segment AB incomnfiensu- 
rcible with the linear unit U. Since no aliquot part, however 
small, of U is also an aliquot 

part of AB (§ 188), if we apply ^' ■ ' ' ' ' """c^^ 

to AB as a measure the nth rr, , , 
part u oi U^ AB will contain 
^ u a certain number of times, m, with a remainder, CB, less 

than u. Then — is the measure of a commensurable segment 

n 

less than AB and ^"'" is the measure of a commensurable 



n 

segment greater than AB ; that is, 

V^ . U < AB K'f^^tl . u. 
n n 

Therefore — is called an approximate measure of AB too 
n 

small by less than - and ^ is an approximate measure of 

n n 

AB too large by less than - • 

n 

Since we can make n as large as we please, we can obtain an 
?ith part of U smaller than any given segment however small. 
We can, therefore, find by the above method an approximate 
measure of AB which is the measure of a commensurable seg- 
ment differing from AB by less than any given segment how- 
ever small. ^ 

That is, if AO is a segment less than AB, then however 
small CB may be, we can find an approximate measure oi AB 
which is the measure of a commensurable segment greater 
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than AC and less than AB ; and if AC is a segment greater 
than AB^ then however small BO may be, we can find an 
approximate measure of AB which is the measure of a com- 
mensurable segment less than AC^ and greater than AB, 

' 196. Note. If U is any unit segment, then of all existing 
segments many more are incommensurable than commensurable 
with U. For practical purposes the closest approximate meas- 
ure of an incommensurable segment that can be made with 
available units of measure is sufficiently accurate. But for 
theoretic purposes we need a definition of a more accurate 
measure of an incommensurable segment. 

197. Theorem. If AB is an incommensurable line seg* 

menu ^^w approximate measure of AB^ in error less than -, 

n 

as n is indefinitely increased^ will approach a limit uniquely 

(that is, without regard to the way in which n is 

increased). 

Proof. 1. If the linear unit U is divided into any number, w, 
of equal parts and one of these 

parts, u, is applied to AB as a Ai t i % % % — i — ^B 
measure, AB will contain t* a „ 
certain number of times, m, 
with a remainder CB less than u. Therefore, 

n n 

2. If U is divided into a greater number, Wi, of equal parts 
and one of these parts, «i, is applied to AB as a measure, AB 
will contain u^ a certain number of times, mi, with a remainder 
CiB less than Wj, and therefore 

Vh.u<AB<nh±l.u. 
8. By repeating this process indefinitely we should obtain 
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an infinite increasing ^ sequence of approximate measures of 

-^^> m mi m- 

n Ui n2 

each of which would be less than any number of the sequence 

m + 1 mi 4-1 m2 4-l 



, •••. 
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4. Therefore as the approximate measure of AB takes in 

succession the infinite sequence of values — , — , — , •••, it will 
approach a limit Z. ^ ^^ ^ (A«, §26) 

5. ^L is independent of the way in which n is increased. 

(Proof of A, § 26) 

^ In the proof it is assumed that each valae of n is so chosen that the 
corresponding approximate measure of AB is a closer approximation 
than the preceding number of the sequence. There is no loss of gener- 
ality in this assumption. For if n is not 80 chosen, then while any 
particular number of the sequence may be followed immediately by a 
number equal to or even less than itself,* it will be eventually followed by 
numbers of the sequence greater than itself, t 

If then we take the first number of the sequence, the next number of 
the sequence which exceeds it, the first number which exceeds this second 
number and so on, we shall olstain an infinite increasing sequence which 
approaches a limit in accordance with the proof, and this limit obviously 
satisfies the definition of limit of the entire sequence. 

* For example, if the seventh part, t/7, of the linear unit U is contained in 
AB 5 times with a remainder less than Uj, and the eighth part, Ug, is contained 
in AB .5 times with a remainder less than t/g, then the approximate measure I 
is less than the approximate measure f ; if the fourteenth part, u^, of U is con- 
tained in AB 10 times with a remainder less than ti^, then the approximate 
measure i} equals the approximate measure f . 

t Any number of the sequence, say ^ , will be exceeded, if not by others, 

certainly by every number of the sequence for which the corresponding 

aliquot part of U is less than the difference between AB and ^ • U. 
— 1 • n2 

^ The letter A in a cross reference denotes that the reference is to a 
section of the Appendix. 

' For L is the number defined by the separation of real numbers de- 
termined by the sequence ^, ?51, ^2 ... (A, § 26) 

n til ^2 

This is a separation of rational numbers into the two classes : (1) Bi, 
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198. Corollary 1. It follows directly from (A, § 30, III), 
that as the approximate measure of AB takes in succession the 

infinite sequence of values — "^^-^ ^ "^ , ^^"^ , •••, it will 

n rii 712 

approach the limit L of the sequence — , ^, ^, •••. 

n nj ^2 

199. Corollary 2. ^ The number L is an in'ational number. 

(A, §7) mm 

The limit L of thfe sequence —, —^, --?,.•• is the numerical 
measure oiAB. ^ ^i ^2 

200. Definition, If ^ denotes an incommensurable magni- 
tude and m denotes the greatest number of times that A con- 
tains whoUy the nth part of the unit, then the numerical 

measure of A is the limit of its approximate measure — when 
n is indefinitely increased. ^ 

In order to justify the application of this definition in any 
particular case it must be proved, as in the case of the incom- 
mensurable line segment, that the limit exists and is unique. 

201. Definition. The measure of a line segment is called its 
length ; of a surface its area ; of a solid its volume. « 

202. Definition. Two surfaces which have the same area 
and two solids which have the same volume are said to be 
equivalent. 

203. Definition. By the ratio of two magnitudes of the 
same kind is meant the ratio of their numerical measures 
referred to a common unit of measure. 

rationals exceeded by numbers of the sequence j i.e. every rational which 
is the measure of a commensurable segment less than AB ; and (2) B^^ 
rationals exceeded by no number' of the sequence, i.e. every rational 
which is the measure of *a commensurable segment greater than AB 

(§196). 

This separation is obviously independent of the way in which n is 
increased. 

1 For the number L is defined by the separation of rational numbers 
into the classes Bi and B^ of footnote 3 ; there is no greatest number in 
^1 and no least number in B2 (§ 195) and .*. L is irrational (A, §7). 
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204. Theorem* If AB is an arc of a circumference 
incommensurable with the unit arc and if m denotes the 
greatest number of times that AB contains the nth part of 

the unit arc, then the approximate measure — of AB will 

n 

approach a limit as n is indefinitely increased. 

The proof, which is similar to that of § 197, is left as an 
exercise for the student. (See § 36.) 

205. There is a one-to-one correspondence between the points on 
a line and real numbers. For if on a ' line I a fixed point O is 
taken and a convenient unit u is chosen, then 

1. Every point P on the line may be regarded as represent- 
ing graphically a real number, namely, that number a which is 
the measure of the segment OP', and 

^ 2. Conversely, every real number a may be regarded as 
represented by a point on the line, namely, by that point P 
whose distance from O is a. 

1 It is shown in \he Appendix that if a is rational, the point P which 
represents a can be constructed. (A, § 3) 

If a is irrational, we cannot in general construct a point which repre- 
sents a, but we can show that such a point exists. 

For if we constnibt on the line I points Pi, P2, P3, ••• which repre- 
sent all rational numbers less than a (A, § 7), then all points of the line 
can be separated into two classes : (1) i?i, points which are to the left of 
points in the set of points P; (2) P2, all other points of the line. 

Every point in Bi is to the left of every point in P2. There is no last 
point in Bi, and therefore there is a first point, P', in i?2. (§ 5, VI) 

P' cannot represent a rational number, for then there would be a first 
rational number greater than a, which is impossible. (A, §7) 

Since all points which represent rational^ greater than a are in B2', and 
.hence to the right of P', the point P' lies between all points which repre- 
sent rationals less than a, and all points which represent rationals greater 
than a. 

There cannot be two points between these two classes of points. For, 
if there were two such points, P' and P', then there would be two num- 
bers, the measures of OP and OP', between all rationals less than a 
and all rationals greater than «, which. is impossible. (A, § 7) 

The measure of the segment OP is the irrational number a, because it 
is a number which lies between all rationals less than a and all rationals 
greater than a. That is, point P represents the irrational number a. 
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MEASUREMENT OF THE PRISM 

206. Theoeem, The lateral area of a prism equals the 
product of the perimeter of a right section hy a lateral edge. 



(Mven the prism ABCDE-A' ; a right section of the prism 
GHIKL. 

To prove the lateral area ofABCBE-A' 

= {OH + HI+ IK+ KL + LG) X AA'. 
Proof. 1. Aiea. ot the iaee AB' = QHxAA'. 
(The area of a paralletogram equals the product of ma base aud 

attitude.) 

8. Similarly ase^ BC = HIx Bff. 

S. But BB' = AA'. (§178) 

4. .-. area BC = HIx AA'. 

5. Similarly area Ci>'=/fi'x-<14'; area. DB' = KL x AA'; 
area EA' = LOx AA'. 

6. .-. lateral area of .4BGD^-.4' 

= OHxAA'+mxAA' + IK'xAA'+KLxAA'+LGxAA' 
={QR+ HI+ IK+ KL + LG) x AA'. {§ 36, Vllt) 

207. CoROLLAKT. The lateral area of a right prism equals 
the product of the perimeter of its base by its altitude. 



106 c. Two prisms cut from the same prismatic space and having 
equal lateral edges have equal lateral areas. . 
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208. Theorem. If two right truncated prisms have their 
right bases /iongruent^ and three lateral edges of the one equal 
to the corresponding lateral edges of the other and similarly 
placed^ they are congment. 




Given the right truncated prism AiB^C^D^Ei-A^ and A^CJ)^2- 
Ai having their right bases A^B^CJD^E^ and A^Cfl^ congruent 
and A^A( = ilaiij', Rfil = B^, C^C( = Cfii and similarly placed. 

To prove AiBiCiDiEi-Ai and ^2^2C2AJ^2--42' are congruent. 

Proof. 1. Superpose the figures so that the congruent right 

bases coincide; then the indefinite lines ^^2'? -^2^'? ^2^2'? 

D2D2, and ^2^2' will coincide respectively with the lines 

A,A^, B,B,% C,CV, D,D,^, E,E,\ (§ 91) 

2. .*. the planes of corresponding lateral faces coincide: 

(§37) 

3. Since ^2^2' = A^i' point Ao will fall on A/. (§ 28) 
For a like ^;§ason point B2 will fall on 2?/ and point C2 

on C/. 

4. .-. plane A2B2C2D2E2 will coincide with plane A^B^CiD^Ei. 

(§ 6, n, 1) 

5. .•. the truncated prisms coincide throughout and are 
congruent. (§ 28) 

209. Corollary. Two right prisms are congruent if they 
have equal bases and altitudes. 
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210. Theorem. If an oblique prism and a right prism 
are cut from the same prismatic space and have equal lateral 
edgeSy they have equal volumes. 




Given the oblique prisms ABCDE-Af and the right prism 
FGHIK-F' cut from the same prismatic space and having equal 
lateral edges. 

To prove ABCDE-A' and FOHIK-F' have equal volumes, 

m 

Proof. 1. In the right truncated prisms FOHIK-A and 
F'G'H'I'K'-A'y the right bases FGHIK s.nd F'&HTK' 
are congruent because they are the bases of the right prism. 

(§ 172) 
AF= A'F', BG = B'G', CH= OH' . (Why ?) 
These equal bases and equal edges are similarly placed. 

(Why ?) 
.-. the truncated prisms are congruent. (§ 208) 

2. Taking from the entire solid ABODE-F^ the trun- 
cated prism A'BfCUE'-F' we have left the oblique prism 
ABCDE-A! , and taking from the entire solid the truncated 
prism ABCDE-F we have left the right prism FGHIK-F'. 

3. .-. the prisms ABCDE-A and FGHIK-F' have equal 
volumes. (§ 36, III, 2) 

If any two prisras having equal lateral edges are cut from the same 
prismatic space, have they equal volumes ? 
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211. Theorem. 2%€ two triangular prisms into which 
a parallelepiped is divided hy a plane through two opposite 
parallel edges have equal volumes. 




Given the parallelepiped ABCD-A* \ m^ a plane passed through 
the two opposite II edges BB and DL^ dividing the parallelepiped 
into two triangular prisms, ABD-A^ and BCD-B. 

To prove ABD-A! and BCD-Bf have equal volumes. 

Proof. 1. At any point, F, of the edge AA^ pass a plane A;* 
± AA\ (§ 89) 

k will cut the edges BBf, (7(7, and DU in some points O, 
H, 7, respectively ; (§ 66) 

and will form the right section FOHL (§ 163) 

2. FGHI is a parallelogram. (§ 183) 

3. Plane k cuts plane m in the line IG since the points / 
and G are common to the two planes. (§ 61) 

4. IG is a diagonal of the parallelogram FGHI; (Del) 
and .-. the A FGIsmd GIH are equal. 

(The diagonal of a parallelogram divides it into two equal triangles.) 

5. The prism ABD-A^ and the right prism whose base is FGI 
and whose lateral edge is equal to BB' have equal volumes ; also 
the prism BDC-B' and the right prism whose base is GIH and 
whose lateral edge is equal to BB^ have equal volumes. (§ 210) 

6. These two right prisms are congruent. (§ 209) 

7. .'. the prisms ABD-A' and BDC-B' have equal volumes. 

(86, I) 
1 Letters m and k do not appear in the diagram. 
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212. Theorem. The volume of a rectangular parallele- 
piped is equal to the product of its three dimensions. 

Given the rectangular parallelepiped Pi enclosed by planes Oi il a^, 
bi II bz, and c^ II C2- Denote the faces in a^ and Cz by AiBiCiDi and 
A2B2C2D2J respectively, the face AiB^BzAz being in bi and face 
A^DiD^Ai in q. Denote by U the cube whose edge is the linear ^ 
unit ti, and denote two of its II faces by RiSiTiV^ and R2S2T2V2, 

To prove vol. P= meas, A^Bi • meas. A^D^ • rtieas. A^Az* 

Case 1. When AiB^ AiDi, and A^A, are all commensurable 
with u. 






«^^ 



B, 



V, 



Tm 




v; 



& 



V8. 
U 



». 



B» -^ 8i 



Proof. 1. Since AiBi, A^D^ and A^A^ are all commensurable 
with ?*, there must be an aliquot part of u which is also an 
aliquot part of each of these segments. (§ 194) 

2. Let this common measure be applied as a unit of measure 
to RiSi, RiVi, R1R2, -^lA? ^lA? and A^A^, and suppose it to 
be contained n times by RiS^, /^jFi, and R1R2, mi times by 
AiBi, mj times by AiDi, and mg times by A1A2. " 

Through each point of division pass a plaue _L the edge that 
it divides. ' (§ 89) 

3. P and UwiW be divided by these planes into equal cubes 
whose common edge is one-nth of u (Why ?) ; U will contain 
n • 71 • n or n' of these cubes, and P will contain mi • mj • W3 of 
them. (Why ?) 
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4. 



.-. vol. P = 



n ' 71 » 11 



(§§193; 201) 



n n n 



5. But -^, ^, ^ are respectively the measures of AiBi, 

71 n n 

AiBi, and A^A^, (§ 193) 

6. .*. vol. P = meas. A^^Bi • meas. AiDi • meas. ^1-^2- 

Case 2. TF^en -^j^j, -4iZ>i, and A1A2 are aM inco7nmen8u- 
i'able with u. 



DfD 




FT^N 



Proof. 1. If the nth part u^ of 11 be applied as a unit of 
measure to AiB^, AJ)^, and AiA^, it will be contained mi times 
by -4ijBi with a remainder J^gSi less than w„ ; mj times by A^D^ 
with a remainder Z^gZ)! less than t«„; and mj times by A1A2 
with a remainder A^A2 less than w„. (§ 188) 



rw, 



?«,, 



2. Then — is the measure of AiB^j — ? is the measure of 
•n n 



mg 



A^D^y and — ^ is the measure of AiA^. 



n 



(§ 193) 



3. Through the point A^ pass a plane aj II Oj, through ^3 
pass a plane Cg II Ci, and through Z>3, a plane 63 II h^, (§ 70) 

4. The planes ai, 03, ^j, ftg, Cj, C3 enclose a rectangular paral- 
lelepiped P' (Why ?) which is a part of P and is .-. less than P. 

(§ 36, VII) 
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5. Since the edges of P' are commensurable with w, 

vol. 7^ = ??^^ .Vh.JIh. (Casel) 



n 



n 



n 



771i 



6. Now if n is indefinitely increased, — ^ will approach a 

n 

limit which is the measure of AiBi. (§§ 197 ; 200) 

Likewise ^ will approach a limit which is tke measure of 
n 

AiDi and — will approach a limit which is the measure of AiA^^ 

* 

7. .-. — i . ^ . ^ will approach a limit which is 

n n n . 

meas. -4i5i • meas. AiDi • meas. A^A^. (A, § 81) 

8. But this limit is the measure of P. (§ 200) 

9. .'. vol. P= meas. -4ijBi • meas. AiDi • meas. AyA^. 

The proof of the remaining cases, when only one or two of 
the edges AiB^, -4iA) A^A^ are incommensurable with w, is left 
as an exercise for the student. 

213. Theorem. The volume of a right parallelepiped is 
equal to the product of the area of any face by the distance 
of that face from its parallel face. 




Given a right parallel^iped iiiJ^CiA-^i' enclosed by planes 
Oi II 02, bi II bi, and q II c^, with planes Ci and Oi X planes bi, 6^, c,, 
and C2, the faces AiBi(\Di and AlB^C^D^ lying in planes a^ and a^ 
and faces AiBiB^Ai and iiiAD/ili' in planes b^ and c^, respectively. 
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To prove vol. AiByCiDi-Ai equals the product of the area of 
any face by the distance of that face from its II face. 

Proof. 1. On the indefinite line A^B^ take the segment A2B2 



= AiBi and at A2 and B2 pass planes di and c^ ± ^i-Bi* 

2. diis II dj. 

3. di and (?2 are both X lines ACi, A'C/, Ai'Bi. 
.-. c?i and dj are both X planes ai, Oj, 61, and ftj- 



(§89) 
(§100) 

(§86) 
( §118) >UU 



-~y^. .', planes aj, 02, 61, &2> <^i> and c?2 enclose a rectangular 
^parallelepiped, A^B^OzD^-A' . ( § 181) 

6. If the lengths of the edges ^2-^2? -42A) and -da-^j' are 
denoted by /, m, and n, respectively, then 

vol. A^B^C^D^-A^ =z)mn. (§ 212) 

7. .-. vol. A^BiCiDi-Ai' = Imn. (§ 210) 

8. But Im is the area of face AiB^CiDi, and n is the distance 
of this face from its II face A^B^C^D^. (Why?) 

Also In is the area of the face ^lAA'-^/ and m is the dis- 
tance of this face from its II face AC'iC/A'- (Why?) 

9. In like manner by substituting line -4, A for A^Bi it can 
be proved that the volume* of AJBiCiDi-Ai equals the product 
of the area of face ^liAA'-^i' by its distance from its II face 
BiUiCi A • 

214. Corollary. The volume of any parallelepiped is equal 
to the product of the area of its base by its altitude. 




[^Suggestion, Construct a right parallelepiped equivalent to the 
given parallelepiped and use § 213.] 

Are the total areas of these two equivalent parallelepipeds equal ? 



80 SOLID GEOMETRY 

215. Theorem. The volume of a triangular prism 
equals the product of the area of its base by its altitude. 



Given the triangular prism ABD-A^BEf having the bases ABD 
and A'BfUf and altitude h. 

To prove vol ABD-A'B'D' = area ABD • h. 

Proof. 1. In the plane of ABD draw line BO II AD and line 
DOWAB. (§5, IV) 

Through BG and BB' pass a plane and through DC and 
DD' pass a plane. (§ 37) 

Denote the points in which the intersection of these planes 
meets the planes ABD and A'B'D' by C and C, respectively. 

2. Plane AD' is II plane' BC and plane CD' is II plane AB'. 

(§§67;' 66) 

3. .-. planes AD', BO, CD', AB', ABCD, and A'B'C'D' en- 
close a parallelepiped ABCD-A'B'C'D'. (§ 176) 

4. Vol. ABCD-A'B'C'D' = area ABCD • h. (§ 214) 

6. .-. vol. ABD-A'B'D' = ^ area ABCD • ^i (§ 211) 

area^45(7Z) , 

= • ri, 

2 

6. But are.a.4^Z) = ^^^^f^^^ . 

(The diagonal of a parallelepiped divides it into two equal triangles.) 

7. .-. vol. ABD-A'B'D' = area ^J5Z> • h. (§ 36, VI) 
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216. Theorem. The volume of any prism equaU the 
product of the area of its base and its altitude. 




Given the prism ABCDE-A^ with base ABODE and altitude h. 

To prove vol ABCDE-A = area ABODE x h. 

Proof. 1. The given prism can be divided into triangular 
prisms by passing planes through any lateral edge AA^ and 
the diagonals of the base which pass through A, (Why ?) 

2. The volume of ABCDE-A^ will be the sum of the 
volumes of the triangular prisms. (§ 8&, vm) 

3. Vol. ABC-A' = area ABC x A, 

vol. AGD-A' = area ACD x h, 

vol. ADE-A^ = area ADE x h, (§ 216) 

4. Therefore 

vol. ABODE- A' = area ABO x ^ -f- area AODxh+ area ADE x h 

= (area ABO -f- area AOD -f area ADE) X h 
= area ABODE x h, 

EXERCISES 

106. Any section of a prism made by a plane parallel to a lateral 
edge is a parallelogram. 

107. The volume of a triangular prism is equal to one half the 
product of the area of a lateral face by the distance of this face from 
its opposite edge. 
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Applications of Theorems 

108. The length of aa edge of a cube is a. Express : 

1. The sum of the edges ; 

2. The diagonal of each face ; 

3. The diagonal of the cube ; 

4. The area of the .total surface of the cube. 

Solve the preceding problema when r? = 20 ft. ; when a = 6 meters. 

109. If the area of the total surface of a cube is 54, what is the 
edge of the cube ? 

110. The dimensions of a rectangular parallelepiped are a, 5, and c. 
Express: 

1. The sum of its edges ;. 

2. The sum of the diagonals of its f ac^s ; 

3. The length of a diagonal of the parallelepiped ; 

4. The area of the total surface of the parallelepiped. 

Solve the preceding problems when a = 10 ft. ; 6 == 12 ft. ; c = 15 ft. : 
when ff = 3 meters ; 6 = 4 meters ; c = 5 meters. 

111. A rectangular parallelepiped has a total surface of 45 sq. ft. 
and two of its dimensions are 3 ft. and 4 ft. Wiiat is its third 
dimension? . . 

111 a. To calculate the edges of a rectangular parallelepiped, 
knowing 

(1) Their sum, the diagonal, and that one edge is a geometric mean 
between the other two edges ; ^ ' 

(2) The diagonal, the total surface, and that one edge is an arith- 
metic mean between the other two edges. > 

112. The base'of a parallelepiped is a rhomboid whose diagonals 
are 6 meters and 8 meters. The height of the parallelepiped equals 
a side of its base. What is the volume of the parallelepiped ? 

113. What is the weight of a bar of iron 5 ft. long of which a 
transverse section is a square inch, knowing that the specific gravity 
of iron is 7-79? 

114. If a right section of a* prism is a square whose radius is 75 
centimeters and the lateral edge of the pr^Lsm is 1.5 meters, what 
is the area of the lateral surface of the prism ? 

116. The edge of a cube is a. What is the edge of a cube twice 
as large ? 

116. The edge of one cube is a and the edge of a second cube is 
2 a. Compare the volumes of the cubes. 
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THE PYRAMID 

217. Definition, If any number n of planes to which a 
definite order has been assigned, mi, rn^, Wj, m^ ••• m» have 
a common point 0, no three of the planes passing through the 
same line, then the portions of the planes limited by the lines 
of intersection of consecutive planes, mim^, mzm^, rn^rn^ ••• 
form a pyramidal surface, and the pqint O is called the vertex 
of the surface. The portion of each plane included in' the sur- 
face is called a face and the intersection of each pair of con- 
secutive faces is called an edge of the surface. 

218. Definition, By the definition of a pyramidal surface, 
when its faces are taken in a certain assignable order, each face, 
beginning with the first face, mj, intersects its succeeding face; 
if also the last face, m„, intersects the first face, then the sur- 
face is said to enclose a pyramidal space. 

The faces of a polyhedral angle together with those of its vertical 
polyhedral angle form a pyramidal surface which encloses a pyrami- 
dal space. 

219. Definition. A pyramidal surface consists of two por- 
tions called nappes lying on opposite sides of its vertex. 

220. Definition. The section of a pyramidal space made by 
a plane cutting all of its edges but not passing through its 
v^tex is called a transverse section. 

221. Definition. The portion of a pyramidal 
space included between the vertex and a trans- 
verse section is called a p3rramid ; the transverse 
section is called the base, and the vertex of the 
pyramidal space is called the vertex of the 
pyramid; the pyramidal surface and its edges 
are called respectively the lateral surface and 
lateral edges of the pyramid. 

222. Definition. The perpendicular distance from the ver- 
tex of a pyramid to the plane of its base is called the altitude 
of the pyramid. 
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223. Definition. The portion of a pyramid 
included between its base and a section of the 
pyramid made by a plane which cuts all of its 
edges but does not pass through its vertex is 
called a truncated pyramid, and if the section is 
parallel to the base, it is' called a frustum of the 
P3rramid ; the base and parallel section are called 
the bases of the frustum. 

224. Definition, The perpendicular distance between the 
bases of a frustum is called the altitude of the frustum. 

225. Definition. A pyramid is called a regular 
pyramid when its base is a regular polygon and the 
vertex lies in the line perpendicular to the base at 
its center. 

225 a. Theorkm. 1. The lateral edges of a regular 
pyramid are equal. 

2. The lateral faces of a regular pyramid are congru' 
eht isosceles triangles. 

226.' Definition, The altitude of any one of the equal lat- 
eral faces of a regular pyramid is called the slant height of the 
pyramid. 

227. Theorem. Tlie lateral faces of a frustum 
of a regular pyramid are congruent trapezoids. 

For if a lateral face SBC of the regular pyra- 
mid S-ABCDE be revolved on SB as an axis 
until it coincides with its equal face SAB (§ 5, V), 
then the line B'C will coincide with B'A' 
(§ 5, IV) and the trapezoids BAA'B' and BCC'B' 
will coincide throughout. 

228. Definition. The altitude of any one 
of the congruent lateral faces of the frustum 

of a regular pyramid is called the slant height of the frustum. 

229. Definition, A pyramid is called triangular, quadran- 
gular, etc., when its base is a triangle, quadrangle, etc. A 
triangular pyramid is also called a tetrahedron. 
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230. Theorem. Any face of a tetrahedron may he taken as the base* 

231. Theorem. If «. straight line moves so as to always touch the 
perimeter of a plane polygon^ and pass through a fixed point without the 
plane of the polygon, it generates a pyramidal surface which encloses a 
pyramidal space, ^ 

2St9. Definition. The moving line may be called the generator, and 
the broken line the director, of the surface. 

233. A given pyramidal surface may be regarded as generated by 
a line moving so as always to touch a transverse section and pass 
through the vertex of the surface. 

* 

234. Theorem. The lateral area of a regular pyramid 
equals one half the product of the perimeter of its base and 
its slant height. (Compare § 206.) 




235. Theorem. 77ie lateral area of the frustum of a 
regular pyramid equals the product of one half the sum of 
the perimeters of its bases and its slant height. 




^ If a straight line moves so as to always touch a plane broken line 
which is not closed, and pass through a fixed point without the plane of the 
broken line, it generates a pyramidal surface which does not enclose a 
pyramidal space. 
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238. GoBOiLAitY 2. If two pyramids have equivalent baee» 
and equal altituAes, sectiona of the pyramids made by planes paral- 
lel to their bases and at equal distances from their vertices are 
equivalent. 



llTo. A section of a pyramid parallel to its base is equal to one 

third of the base; what is ita distance from the vertex if the altitude 
of the pyramid ia A ? if the altitude is 100 feet ? ■ 

117 i. U a pyramid whose altitude is 10 feet is cut by a plane 
parallel to its base and at a distance of 2 feet from its vertex, what is 
the ratio of the section to the base? / 

117 e. The altitude of a pyramid is divided into 4 equal parts by, 
planes parallel to the base. Find the ratios of the base to the sections 
made by the planes. 

239. Prisma I'ltscrifeed in and dreumscribed ahotit a triangular 
pyramid. 



239 a. Definition. Given the triangular pyramid P~ABC, 
having the base ABO and altitude AT; divide AT into any 
number, n, of equal parts and through each point of division 
pass a plane parallel to the base ABC (§ 70). These planes will 
cut the pyramid in sections AiB^Cu A^BiOi, ^jBiCj — (S837). 
On these sections as upper bases, construct prisms having ' 
their lateral edges parallel to one of the lateral, edges, PA, ot 
the pyramid, and having a common altitude, the length of one 
of the equal parts of AT. This can be done by passing planes 
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through the lines Bid, jBgCg, B^C^ ••. parallel to PA. (Why ?) 
The prisms thus constructed, AiBiCi-Ay A^B^fi^-A^y AiB^Q^-A^ 
• •• are said to be inscribed in the pyramid. 

239 h. The sum of all of these inscribed prisms is a solid 
which, from the nature of the construction, is obviously wholly 
included within the pyramid, and is less than the pyramid. 

(§ 36, VII) 

239 c. Definition, Likewise on ^BCand the sections ^jBiCi, 
AJ^^Giy A-^B^Q^ •••as lower bases construct prisms having their 
lateral edges parallel to PA^ and having a common altitude, 
the length of one of the equal parts of AT, This can be done 
by passing planes through the lines BC^ B^Ci, B^Cz, B^Ci'" 
parallel to PA. (Why ?) The prisms thus constructed, ABO 
-A^, AiBiCi-Azf AzBiCz-A^ ••• are said to be circumscribed about 
the pyramid. 

239 d. The sum of these circumscribed prisms is a solid, 
which, from the nature of the construction, obviously wholly 
includes the pyramid, and is greater than the pyramid. 

(§ 36, VII) 

239 e. Corollary.' TJie difference between the sum of the 
volumes of the circumscribed prisms y and the sum of the volumes 
of the inscribed pnsms, is the lowest circumscribed prism. 

For there are n circumscribed prisms, and w — 1 inscribed 
prisms. The first circumscribed prism, beginning at the top, 
is equivalent to the first inscribed prism because they have the 
same base and equal altitudes. (§ 216) 

For the same reason, the second circumscribed prism is 
equivalent to the second inscribed prism, and so on, until the 
lowest circumscribed prism is left, for which there is no equiv- 
alent inscribed prism. • 

239/. Corollary. Let S denote the sum of the volumes of 
the circumscribed prisms, s the sum of the volumes of the inscribed 
prisms', and V the volume of the pyramid. 

TJten since the pyramid is less than the sum of the circum- 
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scribed prisms and greater than the sum of the inscribed prisms, 
V is a number lying between tke numbera S and s and differs from 
each of them by less than their difference S — s tohick is the volume 
Qf the lowest drcumacribed prism. 

240. Theorem. Thoo t7-iangular pyramids having equivalent 
bases and equal altitudes are equivalent. 



(Mven tlie triangular pyramids P-ABC and P^A'SC having 
equivalent bases ABC and A'&C (placed for convenience in the 
same plane) and baving a common altitude AT. Denote tlie volume 
, of P-ABC by V and the volume of P'-A'SC by r. 

To prove V= V. 

Proof. 1. Divide AT into any number n of equal. parts and 
through the points of division pass planes II the plane of the 
bases which will cut the pyramids in sections, AiB,Ci and 
A,'Bi'C\' i '4jBjCj and At'B^'C,' - . (S 2S7) 

2. The two sections made by eaqh plane are equivalent. 

(§238) 

3. Construct in each pyramid a set of inscribed prisms upon 
these sections as upper bases, and a set of circumscribed 
prisms on the base and these sections as lower bases, making 
the altitude of each prism the len^h of one of the equal parts 
of AT. (§ 238 a and c) 

4. Corresponding prisms in the two pyramids are equivalent 
because they have equivalent bases and equal altitudes. (§ 216) 
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5. .-. the sum of the volumes of the inscribed prisms of 
P-ABC equals the sum of the volumes of the inscribed prisms 
oi.P' -A' Bf (y , and also the sum of the volumes of the circum- 
scribed prisms of P-ABG equals the sum of the volumes of 
the circumscribed prisms of P'-A'BC (§36, III, 1) 

6. Let S denote the sum of the volumes of each set of cir- 
cumscribed prisms; s the sum of the volumes of each set of 
inscribed prisms ; k the volume of each lowest circumscribed 
prism ; h the area of the base of each pyramid. Then 

S-8^k. (§ 239 e)' 

F- s < A; and F' - s < A;. (§239/) 

7. k = - meas. AT^h, (§ 216) 

n ^ 

8. By increasing n sufficiently - can be made less than any 

n 

assigned number d, however small, and therefore k can be made 
less than d (Why?) 

9. Now suppose that F and F' were not equal but that one 
of these numbers Fwere less than the other number F' so that 

10. If now n be made so large that A; < c?, we should have 

V-s<d 

and V-{-d — s<d, (6) 

which is impossible. (Why ?) 

11. .-. F= F'. 

EXERCISES 

118 a. The altitude of a pyramid is 12 ft. and the area of its base 
is 10 sq. ft. What is the area o£ the section in which it is cut by a 
plane parallel to its base and 2 it, from its vertex ? ..J- — 

118 b. The altitude of a regular hexagonal pyramid ia^PO ini- and the 
length of its lateral edges is 15 in. What is the lateral area of the 
pyramid and of the frustum cut from it by a plane 2 in. from its vertex ? 

119. If the lateral edges of any pyramid are each divided into three 
equal parts, the points of division consist of two coplanar groups. 
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241. Theorem. A triangular pyramid is one third of a 
triangular prism having the same base and altitude. 




Given the triangular pyramid S-ABC with the base ABC and 
altitude h. 

To prove S-ABC is one third of a prism whose base is ABC 
and altitude h. 

Proof. 1. A prism can be constructed having the base ABC 
and altitude h, by passing a plane through one side ^C of 
the base parallel to the opposite edge SB and another plane 
through the point S parallel to the plane ABC. (Why ?) 

2. If from this prism ABC-SA'C the given pyramid S-ABC 
is taken, there will remain the quadrangular pyramid S-ACC'A* 
whose base ACCA' is a parallelogram. (§ 174) 

3. Pass a plane through A'S and SC cutting the quad- 
rangular pyramid into two triangular pyramids S-ACA' and 
S-A'CC. (§87) 

4. These pyramids have equal bases AC A' and A^CC. 
(The diagonal of a parallelogram divides it into two equal triangles.) 

6. Therefore since they have a common altitude they are 
equivalent. (§240) 

6. In like manner it can be shown that the pyramids S-ABC 
and S-AA'C, regarded as having the common vertex C, are 
equivalent. 

7. .'. the pyramids into which the prism is divided are 
equivalent to each other. (§ 36, I) 

8. .-. the given pyramid S-ABC is one third of the prism 
ABC-SA'C. 
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242. I CoaoLLARY. The volume of a t7-iangular pyramid is 
equal to one third tkeprodud of the area of its base and altitude. 

243. Theorem. TTie volitms of any p^/ramid egucUs one third - 
the product of the area of its base and altitude. 



Olven any pyrainid S-ABCDE. DenvLe the measure of Its alti- 
tude SO by A. 

To prove volume S-ABCDE = \ area ABODE ■ h. 

Proof. 1. Divide the base ABCDE into triangles by drawing 
all of its diagonals through A. 

2. Pass planes through the edge SA and each of these 
di^onals (S 37). These planes will divide the pyramid into 
the triangular pyramids S-ABC, S~ACD, S-ADE. 

3. The volume of the whole pyramid is the sum of the 
volumes of the triangular pyramids. {§ 86, VIII). 

4. Vol. 8-ABC=\ area ABC-h; vol. 8-ACD=\ area 
AOD ■ h ; vol. S~ADE = i area ADE • h. (§ 248) 

6. .-. Vol. S-ABCDE = ^ area ABC-h + i area ACD-k 
+ ^&Tea.ADE-h. 

= i (area -iSC + area ^CD + area 

ADE) ■ h 
= i area ABCE ■ h. (§ 8$, VIII) 
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244. Theorem. The volume of the frustum of any pyr<h- 
mid equah one third the product of its altitude hy the »um of 
the areas of its upper and lower ba»et and a mean propor- 
tional between theie areas. 



Given the frastnm F of a pyraniid P ; &, the area of its lower 
base ; b^ the area of its upper base ; and ft its altitude Off. 

To prove vol. i^* = ^ A (6, + &, 4- V6^). 
Proof. 1. Let P' denote the smaller pyramid cut from F by 
the upper base of F, and let x denote its altitude SO'. 

2. Vol. F = vol. P - vol. -P 

3. 6, :&, = (x+A)':a!». {§ 237, in) 

4. .-. Vfti': \^= (x + k):x. (S 36, in, 6) 

■,.X= A^ ■ 

;.. X \ h- ^ '^' 1 
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, =iA(6i + 6j+V6i62). 



EXERCISES 

120. A gauche quadrilateral and its two diagonals are the edges of 
a tetrahedron. 

The lines joining the midpoints of adjacent edges of a tetrahedron 
form a parallelogram. (Compare Ex. 8.) 

121 a. The lines joining the midpoints of opposite edges of a tetra- 
hedron meet in a point. 

Definition, The point of intersection of the lines joining the 
midpoints of opposite edges of a tetrahedron is called the cen- 
ter of the tetrahedron. 

9 

121 h. Compare the sum of the squares of the edges of a tetrahedron 
with that of the lines joining the midpoints of its opposite edges. 

122. If a tetrahedron is cut hy a plane parallel to two of its oppo- 
site edges, the section formed is a parallelogram. 

123. The straight lines which join the vertices of a tetrahedron to 
the point of intersection of the medians of the opposite faces meet in 
a point. 

124 a. The plane which passes through an edge of a tetrahedron 
and the midpoint of the opposite edge divides it into equivalent tet- 
rahedrons. 

124 &. The planes through the midpoint of each edge of a tetra- 
hedron perpendicular to the opposite edge meet in a point. 

126. Two tetrahedrons which have a trihedral angle of one equal to 
a trihedral angle of the other are to each other as the products of the 
edges of this trihedral angle. 

126. If through a point in the hase of a regular pyramid a line he 
constructed perpendicular to the hase of the pyramid, it cuts the lateral 
faces in points such that the sum of their distanqes frqm the bsMse i^ 
constant. 
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REGULAR POLYHEDRONS 

If a regular tri^gular pyramid \>e constructed whose lateral 
edges are equal to the sides of its base, we shall have a tetra- 
hedron whose faces are equal regular triangles, whose dihedral 
angles are all equal (§ 161), and whose polyhedral angles are all 
equal. (§152) 

245 a. Definition. A convex polyl^edron whose faces are 
equal regular polygons, whose dihedral angles are all equal, 
and whose polyhedral angles are all equal is called a regular 
polyhedron. 

245 6. Theorem. Not more than five regular convex poly- 
hedrons are possible. 

Proof. The sum of' the face angles of a convex polyhedral 
angle must be less than 360*^ (§ 148), and at least three faces 
are necessary to form a polyhedral angle (§ 136). Hence : 

1. Since each angle of a regular triangle is 60°, we may com- 
bine three, four, or five regular triangles to form a polyhedral 
angle, but not more than five regular triangles can be combined 
to form a polyhedral angle ; .-. not more than three regular 
convex polyhedrons can be formed with triangular faces. 

2. Since each angle of a square is 90°, three squares, but not 
more, can be combined to form a convex polyhedral angle ; 
.'. not more than one regular convex polyhedron can be formed 
with square faces. 

3. Since each angle of a regular pentagon is 108°, three reg- 
ular pentagons, but not more, can be combined to form a con- 
vex polyhedral angle ; .*. not more than one regular convex 
polyhedron can be formed with regular pentagonal faces. 

4. Since each angle of a regular hexagon is 120°, no convex 
polyhedral angle can be formed with regular hexagons ; simi- 
larly, it can be shown that no convex polyhedral angle can be 
formed by combining regular polygons of more than six sides. 

6. .-. not more than five regular polyhedrons are possible. 
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246. Theorem. There are five regular convex polyhe- 
drons. 






Tbtbahbdbon 



Hbzahbdbon 



OOTAHEDBOK 





DODVOAHEDBON 



lOOSAHKDBON 



The proof of this theorem is left as an exercise for the 

student. 

Remark. The five regular polyhedra can be constructed from card- 
board as indicated by the diagram below. Cut through the heavy lines 
and half through the dotted ones, and then bring the edges together^ 
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EXERCISES 

127. Show that the centers of the faces of a regular hexahedron are 
the vertices of a regular octahedron, and vice versa; that the centers 
of the faces of a regular dodecahedron are the vertices of a regular 
icosahedron, Aud^vice versa ; that the centers of the faces of a regular 
tetrahedron are the vertices of another regular tetrahedron. 

128' What relation exists between the number of face^, vertices, 
and edges of the regular hexahedron and the regular octahedron? 
of the regular dodecahedron and icosahedron? between the faces 
and vertices of the regular tetrahedron ? 

129. If /, t7, and e denote respectively the number of faces, vertices, 
and edges of a polyhedron, then 1 

180. In a regular tetrahedron the lines joining the midpoints of 
opposite edges are perpendicular to each other. 

181. The sum of the perpendicular distances of a point within a 
regular tetrahedron from its four faces is constant. 

132. Find the edge of a regular tetrahedron whose vertices are the 
centers of the faces of a regular tetrahedron whose edge is a. 

183. In a regular octahedron each vertex A is the common vertex 
of four faces. The remaining vertices of these four faces are coplanar. 

134. There is a point equidistant from the vertices of any regular 
polyhedron. 

Applications of Theorems 

186. The edge of a regular tetrahedron is a. 
Express : 

(1) the altitude of each face ; 

(2) the area of each face ; 

(3) the altitude of tKe pyi-amid ; 

(4) the volume of the pyramid. 

Solve the preceding problem when a = 12 ft. ; when a = 4 meters. 

186. What is the total surface and volume of a regular tetrahedron 
whose edge is one decimeter? 

187. W^hat must be the edge of a regular tetrahedron in order that 
its volume may be 10 cubic meters ? 
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138. The side of the base of a regular triangular pyramid is a ; the 
altitude of the pyramid is h. Express the following measurements of 
the pyramid : 

(1) its lateral edge ; 

(2) its slant height ; , . 

(3) its lateral area ; 

(4) its volume. ' 

139. Solve the preceding problem when a =10 ft. and A = 15 ft. ; 
when a = 2 meters and A = 3 meters. 

140. Show that the volume of a regular octahedron whose edge is a 
is four times that of a regular tetrahedron whose edge is a. 

14tt Find the lateral surface of a regular triangular pyramid the 
side of whose base is 5 ft. and whose altitude is 10 ft. Find the vol- 
ume of the pyramid. 

142. The great pyramid of Cheops in Egypt has for base a square 
whose side is 230 meters ; the lateral faces are equilateral triangles. 
What is its lateral surface and volume ? 

143. The height of a regular hexagonal pyramid is 8 meters and 
the side of its base is 6 meters. Find the lateral surface and volume 
of the pyramid. 

144. Find the distance from the center of a regular tetrahedron to 
its vertices and from the center of a regular octahedron to its vertices, 
the edge of the regular polyhedron in each case being a. (See 
Ex.134.) 

146. A regular tetrahedron whose edge is a is cut by a plane par- 
allel to one of its faces, and at the distance h from the opposite ver- 
tex. What is the lateral area an(i volume of the frustum of the 
pyramid thus formed ? 

Solve the above problem when a = 10. 

146. The centers of the faces of a regular octahedron whose edge 
is a are the vertices of a cube. What is the edge of the cube? Solve 
this problem when a = 12. 

147. The centers of the faces of a cube whose edge is a are the 
vertices of a regular octahedron. What is the edge of the octahedron ? 
Solve this problem when a = 10. 

148. A regular pyramid has for base a square whose side is a 
and an altitude ft. If the pyramid be cut by a plane parallel to the 
base forming a frustum whose altitude is c, what is the volume of the 
frustum ? Solve this problem when a = 10, A = 20, c = 12. 




CHAPTER III 

THE CYLINDER AIID COHB 

247. Definition. A surface no part of which is plane is 
called a curved surface. The most simple of the curved sur- 
faces are the cylindrical, conical, aud spherical surfaces. 

THE CYLINDER 

218. Definition. A cylindrical surface is a curved surface 

generated by a moving straight line called the generator which 

oontinnally touches a curve called a director and remains 

always parallel to its original position. 



oylindiical surface ia the set of all lines wluch bave one 
with a pven caiwe and have the direction of a given 

Note. A plane may be regarded as a cyUndricaJ surface whose di- 
rector is a straight line. (§ 106) 

249. Definition. The generator of a cylindrical surface in 
any one of its positions is called an element of the surface. 
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249 a. Note. If a line parallel to an element of a cylindrical 
surface passes through any point P of the surface, it coincides 
with the element through P (§ 65). Therefore, a given cylin- 
drical surface may be regarded as having for director any curve 
traced on the surface which contains one and only one point of 
each element of the surface. 

250. Definition. If the director of a cylindrical surface is a 
closed curve, the surface is said to enclose a cylindrical space. 

251. Definition, The section of a cylindrical space made by 
a plane which cuts all of its elements is called a transverse 
section. A transverse section which is perpendicular to the 
elements is called a right section. 

252. Definition. The portion of a cylindrical 
space included between two parallel transverse sec- 
tions is called a cylinder; the transverse sections 
are called the bases; the cylindrical surface is 
called the lateral surface, and the segments of the 
elements of this surface intercepted by the bases 
of the cylinder are called the elements of the cylin- 
der. 

253. Definition, The perpendicular distance be- 
tween the bases of a cylinder is called its altitude. 

254. Definition. If the bases of a cylinder are 
right sections, it is called a right cylinder ; otherwise 
it is called an oblique cylinder. 

EXERCISES 

149 a. A cylindrical surface is fully determined by a right section 
of the surface. 

149 h. A right cylinder is fully determined by its base and altitude. 

255. Definition. If a plane is conceived to assume in suc- 
cession the position of every one of a system of planes, and if 
in so doing a portion of the plane passes through every point 
of a given solid and through no other points, th*n this portion 
of the plane is said to generate the solid. 
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B 



256. Note. If a plane revolves about a line in the plane as 
an axis, that is, if the plane assumes in succession the position of 
every plane through the line, then the plane passes 
through every point in space without the line once 
(§ 64) and may, therefore, be said to generate space. 

257. Theorem. If two lines, l^ and Zg? ore parallel 
and their plane revolves about one of them, l^ as an axis, 
then /j will generate a cylindrical surface whose right sec- 
tion is a circle. 

For if ^J5 is drawn through any point A ot l^ ± l^ 
then as the plane revolves AB will generate a plane 
m ± Zg (§ 102) . The point A will generate a circle in 
this plane (§32), .•. l^ will generate a cylindrical sur- 
face (§ 248) whose right section (made by m) is a 
circle (§ 261> 

258. Definition. The surface generated by one of two paral- 
lel lines revolving about the other as an axis is called a cylin- 
drical surface of revolution and the axis of revolution is called 
the axis of the surface. 

A cylindrical surface of revolution encloses a cylindrical space 
of revolution. 

259. Corollary. .Every cylindHcal surface whose right section is a 
circle is a surface of revolution. 

260. Definition. Any cylinder whose right section is a cir- 
cle is called a circular cylinder. A circular cylinder whose 
bases are right sections is called a right circular cylinder ; in 
other words, a right circular cylinder is a right cylinder whose 
bases are circles. 

261. Corollary. If a rectangle revolves about one 
of its sides as an axis, it generates a right circular 
cylinder; and conversely, every right circular cylinder 
can he generated by the revolution of a rectangle about 
one side. 
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262. Definition. Because a right circular cylin- 
der may be geherated by the revolution of a rectangle about 
one side it is called also a cylinder of revolution. 



v/ 



THE CYLINDER AND CONE 



103 



263. Theorem. Parallel transverse sections of a cylinr 
drieal space are congruent. 




Given a cylindrical space cut by II planes in the transverse 
sections m^ and nig. 

To prove nui and m^ are congruemb. 

Proof. 1. Take any three points, Ai, B^, and Ci in the 
perimeter of mj. Denote the points in which the elements 
through Ai, B^, and Ci meet the perimeter of wig by w^j, B^, and 
C29 respectively, and draw the lines A^Bi, A^B^y AiCi, and -^jC^. 

2. A^Bi is II ^2-82 and AiCi is || A^d^ (§ 72) 

3. .'. AiBi = -42^2 and AiCi = A2O2' 

(Segments of parallel lines intercepted by parallel lines are equal.) 

4. Also Z BiA^Ci = Z B^AaCi. (§ 76) 

5. .-. if the section m^ is placed on the section mj so that the 
equal A CiAiBi and C2A2B^ coincide, the point Ci will fall on 
C2 and the point Bi on JSo. (3 and § 28) 

6. Now take any other point Z>i in the perimeter of mj and 
denote by 2>2 the point in which the element through Z>i meets 
the perimeter of mj. Draw the lines AA ^^^^ A2D2. 

7. By repeating the proof given above it can be shown that 
A^Di = A2D2 and Z CiA A = Z Ci^jA- 



/ 
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8. If now the sections mi and mj be superposed so that the 
equal A CiAiBi and C^A^^ shall coincide, then because the Z 
OxAJ)^ = Z C^AJ)^.^ line AJ)^ will coincide with AJ)^^ aud be- 
cause -4iZ>i = AJ)^^ point Di will fall on Dj. (§ 28) 

9. Since D^ is any fourth point in the perimeter of mi, every 
point in the perimeter of mi will coincide with a point in the 
perimeter of m^ when the equal angles Ci^i-Bi and C^AJB^ are 
in coincidence. 

10. In like manner it can be shown that every point in the • 
perimeter of m^ will coincide with a point in the perimeter of mi. 

11. .-. the sections mi and m«j are congruent. (§ 28) 

264. Corollary. Tlie bases of a cylinder are congruent, 

265. Definition, If a plane closed curve be such that a straight 
line can cut it in at most two points, it is called a convez curve. 

A circle is a familiar example of a convex curve. 

\Y'^. Theokem. If any transverse section of a cylinarical surface 
^ is a convex curve, then a straight line can cut the surface in at most two 
points. 

For if a straight line could cut the surface in more than two 
points, A, B, C, then the plane determined by / and the element 
through A would contain also the elements through B and C (§ 38) 
and would therefore intersect the plane of the given transverse sec- 
tion in a line which would cut the section in more than two points 
(why?), which is impossible. (§ 265) 

267. Definition, A cylindrical surface such that a straight 
line can cut the surface in at most two points is called a convex 
cylindrical surface. 

268' Corollary. Every transverse section of a convex cylindrical 
surface is a convex curve. 

269. Definition. A cylinder whose bases are convex curves 
is called a convex cylinder. 

^ . EXERCISE 

160. All lines through a point P perpendicular to the elements of 
a given cylindrical surface meet the surface in the perimeter of a right 
section whose plane passes through P. 
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270. Theorem. If a 'plane m contains one element AB of 
a convex cylindrical surface and any other point P of the 
ni/rface^ it contains also the element through P and no other 
point of the surface. 




Proof. 1. Plane m contains the element through P. (§ 38) 

2. If m could contain any other point K of the surface, it 
would contain also the element through K. (§ 38) 

3. Then any line lying in m which cut one of the three ele- 
ments in m would cut them all (why ?) and would .*. cut the 
cylindrical surface in three points, which is impossible. (§ 267) 

4. .'. m can contain no point of the surface other than the 
element AB and the element through P. 

271. Corollary 1. Tlie section of a convex cylinder made 
by a plane which contains one element of the cylinder and any 
other point of the surface is a parallelogram. 

272. Definition, A straight line which lies in the plane of a convex 
curve and touches the curve in only one point is said to be tangent to 
the curve. 

A straight line tangent to a transverse section of a convex 
cylindrical surface touches the surface in but one point, for the 
points that the line h^-s in common with the surface are the 
poij|ts that it has in common with the transverse section. 

273. Definition. A straight line which touches a convex 
cylindrical surface in one point only is said to be tangent to the 
surface. 

274. Corollary 2. Any tangent line to a convex cylindrical 
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surface and the element through its point of contact determine a 
plane which contains no other point of the surface. 

275. Definition, A plane which contains one element of a 
convex cylindrical surface and no other point of the surface is 
said to be tangent to the surface. 

. 276. CoiiOLLARY S. If a plane is tangent to a convex cylin- 
drical surface, its intersection with the plane of any transverse 
section of the surface is tangent to the section. 

277. If a polygon be circumscribed about the base of a 

oonvex cylinder, and if through each side of the polygon and 

the element through its point of contact a 

plane be passed, these planes will be tangent 
,• to the cylindrical surface (§§ 274; 276) and 

will be cut by the plane of the other base of 

the cylinder in a polygon circumscribed 

about that base (§ 276) ; a prism is thus con- 

. structed whose bases are the circumscribed 

polygons, and whose lateral faces are the 
/tangent planes. (Why ?) 

// 278. Definition, A prism whose bases 
are circumscribed about the bases of a cylin- 

Jder, and whose lateral faces are tangent to 
the cylinder is said to be circumscribed about the cylinder. 
279. Corollary. The lateral edges of a circumscribed prism are 
parallel to the elements of the cylinder. 

280. If a polygon be inscribed in the base of a 
convex cylinder, and if through each side of the 
polygon and the elements which it meets a plane 
be passed, these planes will be cut by the plane of 
the other base of the cylinder in a polygon in- 
scribed in that base (why ?) ; a prism is thus con- 
structed whose bases are the inscribed polygons and 
whose lateral edges are elements of the cylinder. 

281. Definition, A prism whose bases 



are 





^i^ 
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inscribed in the bases of a cylinder and whose lateral edges are 
elements of the cylinder is said to be inscribed in the cylinder. 

282. Corollary. Any plane which cuts a cylinder in a transverse 
section cuts any circumscribed (inscribed) prism in a polygon circumscribed 
about (inscribed in) the section of the cylinder. 
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jl61. Two right circular cylinders having equal bases and altitudes 
are congruent. 

- 162. If an oblique cylinder and a right cylinder are cut from the 
same cylindrical space and have equal elements, they are equivalent. 

, 153. The locus of points equidistant from a given line is a cylin- 
drical surface of revolution of which the given line is the axis. 

• 164. Planes at a given distance d from a given line I are tangent to 
a cylindrical surface of revolution of which I is the axis. 

166. Lines at a given distance d from a given line I and not parallel 
to I are tangent to a cylindrical surface of revolution of which I is 
the axis. 

283. Definition, The length of the arc of a curve is the limit of 
the length of an inscribed (or circumscribed) broken line when 
the number of sides of the broken line is indefinitely increased, 
in such a way that each side approaches zero as a limit. 

284. In order to justify this definition for any particular 
case, it must be proved that the limit exists and is unique, that 
is, that it is independent of the law under which the sides of 
the broken line approach zero as a limit. It is proved in text- 
books on plane geometry that if the curve is a circle the limit 
exists and is unique. (Hadamard, G^om^trie Plane, p. 173.) 

285. Definition. The area of a plane closed curve is the limit 
of the area of an inscribed (or circnmscribed) polygon when 
the number of sides of the polygon is indefinitely increased 
in such a, way that each side approaches zero as a limit. 

286. It is proved in textbooks on plane geometry that if the 
curve is a circle the limit exists and is unique. (Hadamard, 
06om4trie Plane, p. 251.) 
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287. Definition. The lateral area of a cylinder is the limit 
of the lateral area of an inscribed (or circumscribed) prism 
when the number of sides of the base of the prism is in- 
definitely increased in such a way that each side approaches 
zero as a limit. 

288. In order to justify this definition for any particular 
case, it must be proved that the limit exists and is unique. 
We can, accordingly, apply the definition to a circular cylinder, 
for we can prove that, in this case, the limit exists and is 
unique. , /' 

289. Theorem. The lateral anea of a circular cylinder 
is equal to the product of the length of the circumference of a 
right section of the cylinder by the length of an element 






Given a circular cylinder. Denote its lateral area by s, the 
length of the circumference of a right section by c, and the leixgth 
of an element by e. 

To prove 8 = cxe. 

Proof. 1. Inscribe in the cylinder a prism. (§ 281) 

2. The plane of any right section of the prism will cut the 
cylinder in a right section which will be a circle, circum- 
scribed about the right section of the prism. (§§ 260; 282) 

3. Denote the lateral area of the prism by s' and the perim- 
eter of its right section by p. Then, 

s'=p'e. (§206) 
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4. If the number of sides of the base of the prism be in- 
definitely increased in such a way that each side approaches 
zero as a limit, then each side of the right section of the 
prism will approach zero as a limit (why?) and .-. p will 
approach c as a limit. (§§ 283 ; 284) 

'6. ,\ p ' e will approach as a limit c • c. (A, § 32) 

That is, the lateral area of the prism, s', will approach c • e as a 
limit. 

6. But this limit of the lateral area of the inscribed prism 
is the lateral area s of the cylinder. (§ 287) 

290. Corollary 1. The lateral area of a right circular cylin- 
der is the product of the length of the circumference of its base by 
its altitude. 

290 a. Corollary 2. This theorem may be formulated 

s = 27rr« h 
if r denotes the radius of the base of the cylinder and h its altitude, 

EXERCISES Jr 



^\ . 



166 a. If a right circular cylinder tangent to a plane m along an i^' 
element a be rolled on the plane until the element a is again in the 
plane, the portion of the plane touched by the cylindrical surface will \ \ \ 
be a rectangle. C^ / .^ - 

Find the lateral area of a right circular cylinder by measuring this ^y \^ 
rectangle. ' 

291. Definition, The volume of a cylinder is the limit of the 
volume of an inscribed (or circumscribed) prism when the 
number of sides of the base of the prism is indefinitely in- 
creased in such a way that each side approaches zero as aA - 
limit. 

292. We can apply this definition to any cylinder with a 
circular base, for we can prove that, in this case, the limit 
exists and is unique. 



I -. 
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293. Theorem. The volume of a cylinder with eircviar 
base is equal to the product of the area of its base by its 
altitude. 




Given a cylinder with circular base. Denote its volume by 
v, the area of its base by h, and its altitude by h. 

To prove v = b »h. 

Proof. 1. Inscribe in the cylinder a prism. (§ 281) 

2. Denote the volume of the prism by v', the area of its base 

by b'. Then 

v' = b' ' h. (§ 216) 

3. If the number of sides of the base of the prism be in- 
definitely increased in such a way that each side approaches 
zero as a limit, then b' will approach 6 as a limit. 

(§§285; 286) 

4. .-. 6' • h will approach as a limit b 'h, (A, § 32) 

That is, the volume v* of the prism will approach 6 • ^ as a 
limit. 

5. But this limit of the volume of the prism is the volume 
V of the cylinder. (§ 291) 

6. Therefore v = b - h. 



294. Corollary. This theorem niay be formulated 

V = ttt* • h 
if r denotes the radius of the base of the cylinder. 




.>•- 
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THE CONE 

295. Definition. A conical surface is a curved 
surface generated by a moving straight line 
called the generator which continually touches 
a curve called the director and passes through 
a fixed point called the vertex of the surface. 

That is, a conical surface is the set of lines com- 
posed of every line that joins the vertex of the sur- 
face to a point in its director. 

Note. A plane may be regarded as a conical sur- 
face whose director is a straight line. (§ 105) 

296. Definition. The generator of a conical surface in any 
one of its positions is called an element of the surface. 

297. Note. A line which joins any point P of a conical 
surface to its vertex coincides with the element through P ' 
(§ 6, 1, 1). Therefore a given conical surface may be regarded 
as having for director any curve traced on the surface which 
contains one and only one point of each element. 

298. Definition. Each element of a conical surface is 
divided by its vertex into two half-lines (§ 14) and the conical 
surface consists of two portions called nappes, each of in- 
definite extent lying on opposite sides of the vertex. 

299. Definition. If the director of a conical surface is a 
closed curve, the surface is said to enclose a conical space. 

300. Definition. The section of a conical space- made by a 
plane cutting all of its elements but not passing through its 
vertex is called a transverse section. 

301. Definition. The portion of one nappe of a 
conical space included between its vertex and a 
transverse section is called a cone ; the transverse 
section is called the base, the conical surface is 
called the lateral surface, and its vertex is called 
the vertex of the cone; the segments of the ele- 
ments of the conical surface included in the sur- 
face of the cone are called elements of the cone. 
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302. Definition. The altitude of a confe is the perpendicular 
distance from its vertex to the plane of its base. 

303. Theorem. If l\ and l^ are two intersecting lines and if their 
plane revolves about one of theniy l^ as an axis, then the line l^ will generate 
a conical surface. (Compare § 267.) 




Note. If h is perpendicular to ^2) the conical surface becomes a plane 
(§ 102). (Compare § 295, note.) 

304. Definition. The conical surface generated by one of 
two intersecting lines revolving about the other as an axis is 
called a conical surface of revolution, and the axis of revolution 
is called the axis of the surface. 

305. Corollary. Every section of a conical surface of revolution 
made by a plane perpendicular to its axis is a circle, and the axis passes 
through the center of the circle. 

306. Definition. Any cone whose conical surface is a sur- 
face of revolution is called a circular cone, and the axis of the 
surface is called the axis of the cone. 

307. Definition. A circular cone whose base is 
perpendicular to its axis is called a right circular 
cone. 

A right circular cone is therefore one whose base 
is a circle and whose vertex lies in the perpendicular 
to the base at Us center, (§ 306) 

A right circular cone is determined by its base and altitude. 
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308. Corollary. If a right triangle revolves about 
one leg as an axis, it will generate a right circular cone ; 
and, conversely, any right circular cone may be generated 
■by the revolution of a right triangle about one leg, 

309. Definition. Because a right circular cone 
may be generated by the revolution of a right tri- 
angle about one leg it is called also a cone of revolu- 
tion. 

310. Corollary. The elements of a right circular cone are all equal 
to one another, 

311. Definition. The length of an element of a right circular 
cone is called the slant height of the cone. 

312. Definition. The portion of a cone included 
between its base and a transverse section of the 
cone is called a truncated cone. If the transverse 
section is parallel to the base, the truncated cone is 
called a frustum of a cone ; the base of the cone and 
the parallel section are called bases of the frustum ; 
the conical surface of the frustum is called its lateral 
surface and the segments of the elements of the 
conical surface intercepted by the bases of the frus- 
tum are called elements of the frustum. 

313. Corollary. The elements of a frustum of a right circular 
cone are all equal to one another. 

314. Definition. The common length of the elements of a 
frustum of a right circular cone is called the slant height of the 
frustum. 





EXERCISES 

' 166 b. If a Hne segment AB reyolves about an axis XF in its plane 
to which it is not parallel and with which it has no point in common, 
it generates the lateral surface of the frustum of a right circular cone 
whose altitude is the projection of AB on XY. 

156 c. If in the above exercise the length of AB is 17 inches, the 
length of its projection on XF 15 inches, and the distance of its mid- 
point from XY6 inches, what are the radii of the bases of the frustum ? 
the altitude of the prism and its slant height ? 
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315, Theorem. Jf the bate of a cone is a circle, evert/ 
ae^ion of the cone made by a plane parallel to. the bate is a- 
cireU. 




Given S-ABC, s cone whoae base ABC Is a circle with center ; 
A'B'C a section of S-ABC made by a plane m II plane ABC. 

To prove A'B'C is a cirde. 

Proof. 1. Join the points 8 and O by a straight line. 
This line will cut m in some point 0'. (§ 68) 

2. 80 and the element SA through any point J^ of AS(J 
determine a plane which will cut the base in OA and the sec- 
tion in O*^'. (SS87; 61) 

- Also 80 and the element SB through any other point S of 
A!SG' determine a. plane which, will cut the base in OB and 
the section in Cff. 

3. OA is II a A and OB is II OS. (§73) 

4. .'.AS'.^Oand S^'CX are similar. (Why?) 

. A Of ^801 ^s a 

' " AO 80 BO' ' ■ 

(In two similu' triangles homalogoiis ddes are proportaonsl.) 

6. But AO = BO. (SS2) 

7. .•.A'0^=ff<y. (Why?) 

8. Since A' and K are any two points in the perimeter of 
the section, all points in the perimeter are equidistant from 
t/ and .*. the section is a circle whose center is O". (§**) 
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316. Theorem. If a transverse section of a conical surface is a 
convex curve, then a straight line can cut the surface in at most two points, 

' (Compare § 266.) 

317. Definition, A conical surface such that a straight line 
can <;ut it in at. most two points is called a convex conical 
surface. 

318. Corollary. Every transverse section of a convex conical sur- 
face is a convex curve. 

319. Definition. A cone whose base is a convex curve is 
called a convex cone. 

A straight line tangent to a transverse section of a convex 
conical surface can touch the surface only in its point of con- 
tact with the section. (Why ?) 

320. Definition, A straight line which touches a convex 
conical surface in only one point is said to be tangent to the 
surface at the point. 

321. Theorem. If a plane m contains one element SA of 
a convex conical surface and any other point P of the surface, 
it contains also the element through P and no other point of 
the surfaci^. 




Proof. 1. The plane m contains the element SP through P. 

(6, II, 3) 

2. If m could contain still another point P' of the surface, 

it would contain also the element through P' (6, II, 8), and then 
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any line in m which out the three elements in m and did not 
pass through the vertex S would cut the conical surface in 
three points, which is impossible. * (§317)' 

3. .*. m can contain no point of the surface other than the 
element SA and the element through P. 

322. Corollary 1. Every section of a convex cone made by 
a plane which contains an dement and any other point of the sur- 

' foice is a triangle, 

323. Corollary 2. Any tangent line to a con- 
vex conical surface and the vertex of the surface 
determine a plane which contains the element through 
the point of contact of the tangent line, and no other 
point of the surface. 

324. Definition, A plane which contains one 
element of a convex conical surface and no other 

point of the surface is said to be 
tangent to the surface. 

325. Definition, If a pyramid is con- 
structed whose base is a polygon circumscribed 
about the base of a convex cone* and whose 
vertex is the vertex of the cone, then the 
pyramid is said to be circumscribed about the 
cone. 

326. Corollary. The lateral faces of a pyra- 
mid circumscribed about a cone are tangent to the 
conical surface, 

327. Corollary. If the cone be a right circular 

cone and the base of the circumr 
scribed pyramid be a regular poly- 
gon, then the pyramid is regular 
and the slant height of the pyramid is also the slant 
height of the cone, x 

328. Definition, If a pyramid be constructed 
whose base is a polygon inscribed in the base 
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of a doiiTex cone and whose vertex is the vertex of the cone, 
then the pyramid ia said to be inscribed la tlie cone. 

329. Corollary. The lateral edges of an inscribed pyramid are 
elements of the conical surface, 

330. Corollary. A plane lekich cats a cone in a transverse section 
cuts any circumscribed ^inscribed) pyramid ia a polygon which is circum- 
scribed about ^inscribed in) the section of the cone. 

331. Definition. The lateral area of a cone is the limit of the 
lateral area of an inscribed (or circumscribed) pyramid when 
the number of sides of the base of the pyramid ia indefinitely 
increased in such a way that each side of the base approaches 
zero as a limit. 

332. DefinilUm. The roliune of a cone is the limit of the vol- 
ume of an inscribed (or circumscribed) pyramid when the num- 
ber of sides of the base of the pyramid ia indefinitely increased 
in such a way that each side approaches zero aa a limit. 

333. We are able to apply these definitions (§§331, 332) the 
first to a right circular cone and the second to any cone with 
circular base, becauae in these cases we can prove that the 
limits in question exist and are unique. 

.334. Theorem. The lateral area of a right circular cone 
i» equal to one half the product of the meature of the circum- 
ference of its base by its slant height. 



Given a right circular cone. Denote it? lateral area by s, the . 
measure of the circumference of its base by c, and its slant 
height by «. 
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To prove « = i« • c 

Proof. 1. Circumscribe about the cone a regular pyramid. 

(§§326,327) 

2. Denote the lateral area of the pyramid by 8\ the measure 
of the perimeter of its base by p. The slant height of the 
pyramid is e, (§ 327) 

3. s' = |e.p. (§234) 

4. If the number of sides of the base of the pyramid be in- 
definitely increased, the pyramid being iaJways regular, each 
side of the base will approach zero as a limit and therefore 
p will approach c as a limit. (§§ 283, 284) 

6. ,\\e ' p will approach as a limit ^ c • c. (A, § 32) 

That is, the lateral area, s', of the pyramid will approach ^ e • c 
as a limit. 

6. But this limit of the lateral area of the pyramid is the 
lateral area s of the cone. (§ 331) 

7. Therefore « = i e • c- 

335. Corollary. This theorem may he formulated 

s = Trr » e 
ifr denotes the radius of the base of the cone. 

336. TiiEOHjEM. The volume of a cone with circular base 
is equal to one third the product of the area of its base by its 
altitude. a 



Given a cone with circular base. Denote its volume by v, the 
area of its base by &, and its altitude by h. 
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To prove v = \h > h. 

Proof. 1. iDScribe in the cone a pyramid. (§ 328) 

2. Denote the volume of the pyramid by v' and the area of 

its base by h\ Then 

v' = \h'-h. (§243) 

3. If the number of sides of the base of the pyramid be in- 
definitely increased in such a way that each side approaches 
zero as a limit, V will approach 6 as a limit. (§§286, 286) 

4. .\\b^ ' h will approach as a limit \h - h. (A, § 32) 
That is, the volume v' of the pyramid will approach ^ 5 • A as 
a limit. 

6. But this limit of the volume of the pyramid is the volume 
V of the cone. (§ 332) 

6. Therefore '^ = i ^ • ^• 

337. CoBOLLAKY. Tilis theorem may he formulated 

ifr denotes the radius of the base of the cone. 

338. Definition, If a pyramid be inscribed in (or circum- 
scribed about) a cone, and the number of sides of the base of 
the pyramid be indefinitely increased in such a way that each 
side approaches zero as a limit, then the lateral area of any frus- 
tum of the cone is the limit of the lateral area of the frustum 
of the pyramid whose upper base is in the plane of the upper 
base of the frustum of the cone. 

339. The lateral area of the frustum of the pyramid is the 
difference between the lateral area of the entire pyramid and 
that of the pyramid cut from it by the plane of the. upper base 
of the frustum. 

Therefore the limit of the lateral area of the frustum of the 
pyramid, or the lateral area of the frustum of the cone, is the 
difference between the lateral area of the given cone and that 
of the cone cut from it by the plane of the upper base of the 
frustum. (§ 331 and A, § 31) 
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We can therefore find the lateral area of the frustum of a 
right circular cone. (§ 834) 

340. TsBOBBM. The lateral area of a fruttum of a right 
circular cone is equal to one half of the sum of the circum- 
ferences of its bases multiplied by its slant height. 



(Hven F the frustum of a right circular ctin^ C^. Denote its 
lateral area by s, the radius of its lower hase by r^ and of its 
upper base by r, ; its slant height by e. 

- To pj-ove s = ff ( r, 4- r2)e. 

Proof. 1. Denote by C^ the cone cut from C, by the plane of 
the upper base F. Denote the lateral surface of C, by Si and 
of Cj by S^; the slant height of C, by E, and of C, by Er 



E,:E, = r,:r,. 


(Whj?) 


E,)i«,-(r,-r,):r,. 


(Whj?) 


E,-Ei = e. 


(SS3W; IIS) 


■.e:E, = (r,-,,):n. 
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341. Corollary. The lateral area of a 3f..^irrr7r^^^. 

frustum of a right circular cone is eqvxxl to J ! \ 

the circumference of a section parallel to its y^^ii;zi!^-^--A 

ha^es and midway between them multiplied by «#/,-—' 1 -<^ 

its slant height, ^^ ^" ^ ^^ 

ElC^RCISE 

166 d. A right circular cone is determined by its base and altitude. 

166 e. The radius of the base of a right circular cone is 8 in. and 
its altitude is 12 in. Find the lateral area of a frustum of the cone 
whose altitude is 4 in. 

166 f. If a right circular cone tangent to a plane m along an ele- 
ment a be rolled on the plane until the element a is again in the plane, 
the vertex of the cone being kept fixed at a point P, then the portion 
of the plane touched by the conical surface will form a circular sector. 

Find the lateral area of the cone by means of the formula for meas- 
uring this circular sector. 

Describe the change in this circular sector as the altitude of the 
cone decreases, its slant height remaining unchanged. 

342. Definition. If a pyramid be inscribed in, or circum- 
scribed about a cone, and the number of sides of the base of 
the pyramid be indefinitely increased in such a way that each 
side approaches zero as a limit, then the volume of any frustum 
of the cone is the limit of the volume of the frustum of the 
pyramid whose upper base is in the plane of the upper base of 
the frustum of the cone. 

343. The volume of the frustum of the pyramid is the 
difference between the volume of the entire pyramid and that 
cut from it by the plane of the upper base of the frustum. 

Therefore the limit of the volume of the frustum of the 
pyramid, or the volume of the frustum of the cone, is the 
difference between the volume of the given cone and that of 
the cone cut from it by the plane of the upper base of the 
frustum (§ 332 and A, § 31). 

We can therefore find the volume of the frustum of a cone 
with circular base (§ 336). 
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344. Theorem. The volume of tfie frustum of a cone with 
eircular base is equal to the product of one third of its altitude 
by the sum of the areas of its bases and a mean proportional 
between them. 

/A 

// / / \ 
X / / / I • 




Given F, the frustum of a circular cone, C\. Denote its volume 
by V, the radius of its lower base by r^ and of its upper base by r^ 
and its altitude by h. 

To prove v=^ \h • ir{r^ H- r^ H-^irj). 

Proof. 1. Denote by C^ the cone cut from Cj by the plane of 
the upper base of F, Denote the volume of Ci by Vi and of Ci 
by F2; the altitude of Ci by H^ and of Cj by H^* 

2. ffi:H2 = ri: r^ (Why ?) 

3. .-. {H, - ^2) : H, = (n - r^) : n. (Why ?) 

4. Hi — H2 = h, 

n - ^2 

n - ^2 

7. ... Vi^lhiJUl and V.^l^^-^-^^ (§336) 

8. .-. i; = F; - F2 = iA. !L( ri' - ^^') = 1 ;^ . ^(r,'-hr2»+r,72). 

n — »'2 O 
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EXERCISES 

166. A plane which passes through the vertex of a cone of revolu- 
tion contains no other point of the conical surface, is tangent to it, or 
cuts it in two straight lines accordingly as the given plane cuts the 
plane of the base of the cone in a line which contains no point of the 
base of the cone, is tangent to the base or cuts it in two points. 

157. Through a given point to pass a plane tangent to a given cone 
of revolution. 

168. A plane tangent to a cone of revolution is perpendicular to 
the plane determined by its element of contact and the axes of the 
cone. 

169. To construct a cylinder or cone of revolution given : 
, 1. three elements ; 

2. three tangent planes. 

160. To divide the lateral surface of a right circular cone into two 
equivalent parts by a plane parallel to its base. 

161. All planes which form with a given straight line a given angle 
are tangent to a cone of revolution. 

Applications of the Theorems 

162. In the following problems on the right circular cylin(ier, r 
denotes its radius; h its altitude; s its lateral surface; «' its total 
surface ; and v its volume : 

1. Find B and v when r = 5 ft., and h = 10 ft. 

2. Find s and »' when r = 10 ft., and r = 10 cu. ft. 

3. Find s and s' when A = 10 ft., and v = 10 cu. ft. 

4. Find r and h when a = 10 sq. ft, and v = 10 cu. ft. ' • 

163. Given a rectangle whose sides are a and b. Find the t^lume 
of the solid generated when the rectangle revolves about the side a; 
when it revolves about the side b. 

Solve the preceding problem when a = 8 and 6 = 6. 

^ 164. Two cylinders are equivalent; what is the ratio of their 
lateral areas ? 

166. Two cylinders have equal lateral surfaces ; what is the ratio 
of tiieir volumes ? 

166. Find the altitude of a right circular cone when the radius of 
its base is r and its slant height is a. Answer this question when 
a = 13 ft. and r = 5 ft. 
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167. Find the radius of the base of a right circular cone when its 
altitude is A and its slant height is a. Answer this question when 
A = 12 ft. and a = 15 ft. 

168. Find the slant height of a right circular cone, given that the 
radius of the base of the cone is r and its altitude h. Answer this 
question when r = 8 f t. and A = 17 ft. \ when a — .3 meter and 
h = .5 meter. 

169. In the following problems on the cone, r denotes its radius; 
h its altitude ; a its slant height ; s its lateral surface ; s' its total 
surface ; and v its volume : 

1. Find s' and v when r = 16 ft., and A = 30 ft. 

when a = 26 ft., and r = 10 ft. 
when h = 12 ft., and a = 15 ft. 

2. Find v when r = 10 ft., and s = 1000 sq. ft. 
-8. Find v when r = 10 ft., and s' = 1000 sq. ft. • 
-4. Find s when r = 10 ft., and v = 10 cu. ft. 

5. Find v when ^ = 10 ft., and « = 30 cu. ft. 

6. Find s when u = 10 cu. ft., and A = 10 ft. 

170. Given a right triangle whose legs ar.e a and b. Find the 
solid generated when this triangle revolves about the leg & as an axis ; 
when it revolves about the leg a; when it revolves about its 
hypothenuse. 

Solve the preceding problem when a = 12 and 6 = 5. 

171. Given a right circular cylinder whose diameter equals its alti- 
tude, a right circular cone having the same base and altitude as the 
cylinder. Compare the lateral areas, total areas, and volumes of the 
two solids. 

172. The bases of the frustum of a cone are respectively 125 ft. 
and 86 ft. in circumference and its lateral edge is 72 ft. Find the 
total surface and volume of the frustum. 

173i Find the total surface and volume of the solid generated by 
a regular hexagon revolving about a line which passes through its 
center and is perpendicular to each of two opposite sides of the hexa- 
gon if the radius of the hexagon is ^ if the radius of the hexagon is 10. 



CHAPTER IV 

THE SPHERE 

345. Definition. The locus of points in- space at a given 
distance r from a given point is called a spherical surface, 
with center 0, and radius r. 

345 a. Note, If on each half line emanating from a point 
P be taken at the distance r from O (§ 30), all the points P 
taken together constitute the spherical surface. 

A hollow glass ball with a very thin shell may serve to sug- 
gest a spherical surface. 

346. Definition. The points of space not at the distance r 
from O are divided into two regions such that every point in 
one region is at a distance from less than r, and is said to be 
within the spherical surface, while every point in the other 
region is at a distance from O greater than r and is said to be 
without the surface. 

347. Definition. The spherical surface together with the 
points within \h,Q surface constitute a geometric solid (§ 1) en- 
closed by the spherical surface and called a sphere. 

An ordinary ball is a familiar material representation of a 
sphere. 

347 a. Note. The name sphere is applied also to a sphe^'iccd 
surface when confusion would not result from this usage. 

348. KoTE, Obviously from the definition § 346 tfiere is one 
and only one spherical surface having a given center and a 
given radius. 

349. Definition. The line segment joining the center of a 
sphere to any point on its surface is called a radius of the 
sphere. 

126 
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350. Definition. The line segment joining two points of a 
spherical surface is called a chord of the surface. If the chord 
contains the center, it is called a diameter of the sphere. 

351. Theorems. 1. All radii of a sphere are eqiud, 

2. Every diameter of a sphere is the sum of two radii. 

3. All diameters of a sphere are equal. 

352. Theorem. Two spheres having equal radii are congruent. 

For if they are placed with their centers in coincidence, their sur- 
faces must coincide, since each surface is the'locus of points at the dis- 
tance r from their center, r denoting the radius of each sphere. 

353. Theorem. A straight line can cut a spherical surface in at 
most two points. 

354. Note. Because of the property (§363) a spherical 
surface is said to be convex. 

355. Theorem. The surface generated by the revolution of a semi-' 
circumference about its diameter is a spherical surface. 

EXERCISES 

174. What is the locus of the centers of spheres which pass through 
a given circle ? 

174 a. The perpendicular to a chord of a sphere from the center of 
the sphere bisects the chord. 

174 b. Equal chords of a sphere are equally distant from its center. 

174 c. Of two unequal chords the less is at the greater distance from 
the center of the sphere. 

174 d. Of the chords of a sphere through a point within the sphere 
those ai*e least which are perpendicular to the diameter of the sphere 
through the point. 

175. A spherical surface is determined by a circle and a point with- 
out the plane of the circle. 

176 a. If the circumferences of two circles not in the same plane 
intersect, ttiey determine a sphere. 

176. The locus of points whose distances from two fixed points are 
in a constant ratio is a spherical surface. 

177. If Pi and P^ are two points, each line of the bundle of lines 
determined by Pj is perpendicular to one line of the bundle deter- 
mined by Pg. The points of intersection of these perpendicular lines 
form a spherical surface of which the line segment P1P2 is a diameter. 
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356. Theorem. Every section of a sphere made hy a 
plane is a circle. 




Proof. 1. Since the surface of the! sphere is the locus of 
points. in space at the distance of its radius r from its 
center 0, the intersection of a plane with the spherical surface 
must be the lo6us of points in the plane at the distance r from 
0. (§ 47) 

2. If the plane passes through the center, of the sphere y the re- 
(5[uired locus is the circumference of a circle whose center is 
the center of the sphere, and whose radius is the radius of the 
sphere. (§32) 

3. If the plane does not pass through the center of the sphere, 
the required locus is the circumference of a circle whose center 
is the foot of the perpendicular from the center of the sphere 
to the plane. (§ 97) 

4. .'. every section of a sphere made by a plane is a circle. 

357. Definition. The diameter of a sphere perpendicular to 
the plane of a circle on the sphere is called the axis of the 
circle; the ends of this diameter are called the poles of the 
circle. 

9 

357 a. Note. The poles of a circle obviously lie on opposite 
sides of the plane of the circle since the line segment joining 
them contains a point of the plane (§ 6, III, 2). 

358. Corollary 1. The aons of a circle on a sphere passes 
through the center of the circle. 
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359. Definition. A circle on a sphere whose plane passes 
through the center of the sphere is called a gpreat circle ; one 
whose plane does not pass through the center is called a small 
circle. 

360. Corollary 2. All great circles of a sphere are con- 
gruent. 

361. Corollary 3. Any two great circles of a sphere bisect 

each other, 

^Suggestion. The planes of. the circles intersect in a line which passes 
through the center of each circle.] 

362. Corollary 4. Any great circle of the sphere bisects the 

sphere, 

[Suggestion. The two parts into which a sphere is cut by any great 
circle can be superposed and made to coincide throughout.] 

363. Corollary 5. Through any two points on a sphere the 

circumference of a great circle passes; and unless the points are 

opposite ends of a diameter only one great circle passes through 

them. 

[^Suggestion, Through the two given points and the center of the 
sphere a plane can be passed.] 

364. Corollary 6. Through any three points on the surface 
of a sphere the circumference of a circle on the sphere passes. 

EXERCISES 

178. Each point on the surface of a sphere is the pole of one and 
only one great circle. 

179. If an arc of a great circle passes through one end of a diameter 
of the sphere, the circumference of the circle passes also through the 
other end of the diameter. 

180. A given sphere may be regarded as generated by the revolu- 
tion of any great semicircle of the sphere about its diameter. 

181. If a spherical surface contains three points of a circumference, 
it contains the circumference. - 

182. Lines through the centers of small circles perpendicular » 
their planes pass through the center of the sphere. j 
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183. Equal small circles are equidistant from the center of the 
sphere. • 

184. Of two unequal small circles the less circle is at the greater 
distance from the center of the sphere. 

185. If the radius of a sphere is 17 ft. and the distance of a small 
circle from the center of the sphere is 8 ft., what is the radius of the 
circle ? ^) ({>--' ' ^ / 

186. If the radius of a sphere is 10 ft., what is the radius of a s mall 
circle whose distance from the center of the sphere is 8 ft. ? ot a circle 
whose distance from the center of the sphere is 6 ft. ? 

187. What is the locus of points at a given distance from a given 
point and equidistant from two other given points? of points at a 
given distance from a given point and equidistant from two given 
planes ? 

188. Find all points in space at a given distance from a given point 
and equidistant from three non-coUinear points. 

189. The line joining the center of a sphere to the midpoint of a 
chord is perpendicular to the chord. 

190. The plane perpendicular to a chord of a sphere at its midpoint, 
(1) passes through the center of the sphere, and (2) bisects every 
parallel chord. 

191. What is the locus of centers of sections of a sphere which pass 
through a given line ? 

192. Of all circles on a sphere whose planes pass through a given 
point within the sphere the least is the oue whose plane is perpen- 
dicular to the radius of the sphere through the given point. 

193. All chords of a sphere perpendicular to the plane of a given 
great circle of the sphere are bisected by the plane. 

194. If a conical surface of revolution has its vertex at the center 
of a sphere, the spherical surface cuts the conical surface in a circle. 

365. Definition, The length of the arc of a great circle (not 

greater than a semicircumference) which joins two points on a 

sphere, is called the spherical distance between the points, or 

only the distance when this usage would not cause confusion. 

» 

366. It will be proved later (§ 431) that this arc of a great 
circle joining two points on the sphere is the shortest line that 
can be drawn on the sphere joining the points. 
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367. Theorem. All points in the circumference . of a 
circle on a sphere ate equidistant frorft each of its poles. 



Given a circle /c on a sphere ; its axis PP' and its poles P 
and P', 

To prove all points in the circumference of k are equidistant 
from P and P\ 

Proof. 1. Take any two points A and B in the circumference 
of Ic and draw the great circle arcs PA and PB. (§ 303) 

2. Draw the straight lines PA and PB, 

3. PP is ± the plane of the circle ifc, . (§ 357) 
and passes through the center of A;. (§ 368) 

4. .-. the straight line segments PA and PB are equal. (§ 86) 

6. Since all great circles are equal, (§ 360) 

.'. the arcs PA and PB are equal. 

(In eqyal circles equal chords subtend equal arcs.) 

6. Since A and J3, any two points in the circumference of k 
are equidistant from P, all points in the circumference are 
equidistant from P. 

7. Similarly it can be proved that all points in the circum- ' 
ference of k are equidistant from P'. 

368. Note. The proof shows that the theorem holds, 
whether by distance is meant spherical or rectilineal distance. 

What is the locus of the poles of a given circle with respect to the 
spheres which can be passed through the circle ? 
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369. Definition. The length of the arc of a great circle join- 
ing a pole of a circle on a sphere to any point on its circum- 
ference is called a polar distance of the circle. 

370. Corollary L The polar distance of a great circle is a 
quadrant, -^ 

371. Note. Obviously from § 370, the distance of a point 
on a sphere from a pole of a given great circle is less than or 
greater than a quadrant according as the point is on the same 
side of the circle with the pole or on the opposite side from the 
pole. Eor on joining the point to the pole by the arc of a 
great circle (and taking note of the intersection of this circle 
with the given circle), it will be seen that, in the first case the 
arc is part of a quadrant, and in the second case a quadrant 
is part of the arc (§ 36, VII). 

372. Corollary 2. The locus of points on a sphere a^t a given 

spfierical distance, d, from a given point, P, on the sphere, is the 

cvrcurhference of a circle of which tJie given point is a pole, and 

whosepolar distance is d. 

[Suggestion, I. If -4 is a point at the spherical distance d from P, then 
a plane passed through A ± the diameter PP' will cut the surface of ithe. 
sphere, in a circumference k every point of which is at the distance d 
from P; II. If JB is any point on the sphere at the distance d from P, it 
must lie in A;,, for otherwise the great circle through B and P would cut k 
in two points not B and we should have a violation of § 35.] 

372 a. Note. It follows from § 372 that a circle having a 
given point P as pole and a given polar distance can be de- 
scribed on a sphere as oi; a plane with the aid of a compass 
by keeping the free end of one leg of the compass fixed at P, 
and allowing the free end of the other leg to move on the sphere, 
the opening between the ends of the legs of the' compass be- 
ing always equal to a chord of the given polar distance. 

EXERCISE 

"196. If A and B are two points on a sphere 80° apart, find a point 
on the sphere which is 60° from A and 70° from B, 

19a* How many points are 100° from both A and B of Ex. 196 ? 180°? 
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373. Theorem. If a 'point P ona sphere is at a quad- 
rant's distance from two points A and B on the sphere^ it is 
a pole of the great circle through A and B, 




Proof. 1. P is the pole of one and only one great circle. 

(Ex. 178) 
2. This is the great circle through A and B, (§§ 872 ; 363) 

373 a. Note. Obviously, if from any two points on the cir- 
cumference of a given great circle as poles, circumferences of 
great circles are described, the intersections of these two circum- 
ferences are the poles of the given great circle (§§ 370 and 378). 

374. Theorem. A plane perpendicular to a radius of a 
sphere at its extremity touches the sphere in only one point. 




Given S a sphere ; its center ; OA any radius of S; ma plane 
± OA at its extremity A. 

To prove m has only the point A in common with the sphere. 

Proof. 1. Take any other point P in m and draw OP, 

2. OP > OA. (§ 96) 



THE SPHERE 133 

3. .-. the point P is without the sphere. (§ 346) 

4. ,\ A is the only point which the plane has in common 
with the sphere. 

375. Definition. A plane which touches a sphere in only 
one point is saiii to be tangent to the sphere at the point, which 
is called the point of contact ; the sphere is also tangent to the 
plane. 

376. Corollary. A plane tangent to a sphere is perpendicvr 
lar to the radius drawn to the point of contact, 

EXERCISES 

197. A straight line perpendicular to a radius of a sphere at its ex- 
tremity touches the sphere in only one point. 

Definition. A straight line which touches a sphere in only 
one point is said to be tangent to the sphere at the point ; the 
point is called the point of contact. The sphere is also said 
to be tangent to the line. 

198. A straight line tangent to a sphere is perpendicular to the 
radius through its point of contact. 

199. All lines tangent to a sphere at a point lie in a plane tangent 
to the sphere at the point. 

377. Theorem. One and only one spherical surface can 
contain four given points not in the same plane. 



[Suggestion. Use § 132.] 

377 a. Note. This theorem may be worded : One and only 
one spherical surface contains the four vertices of a tetrahedron. 
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378. Definition, A polyhedron all of whose vertices lie in a 
given spherical surface is said to be inscribed in the sphere and 
the i$phere is said to be circumscribed about, the polyhedron. 

379* Corollary. Tlie six planes perpenditiular, respectively y 
to the edges of a tetraJiedron at their midpoints meet in a point, 

390. Theorem. A sphere can be constructed tangent to , 
all the faces of a tetrahedron. 




Given a tetrahedron ABCD. 

To prove a sphere can he constructed tangent to the faces of 
ABCD, 

Proof. 1. If planes m, n, p be passed bisecting respectively 
the dihedral angles BC, CA, AB^ these planes will intersect 
in a common point 0. (Why ?) 

2. O is equidistant from all four faces of the tetrahedron. 

(§ 183) 

3. .*. a sphere described with center and with a radius 
equal to the common distance of from the four faces of the 
tetrahedron will be tangent to the faces. (Why ?) 

Show that there are seven spheres without the tetrahedron tangent 
to its limiting planes. 

381. Definition. A sphere tangent to all the faces of a 
polyhedron is said to be inscribed in the polyhedron ; and the 
polyhedron is said to be circumscribed about the sphere. 

382. Corollary. ITie six planes which bisect, respectively^ 
the dihedral angles of a tetrahedron meet in a point. 
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EXERCISES 

200. To construct a plane tangent to a sphere (1) through a given 
point on the sphere, (2) through a given point without the sphere. 

201. Ta construct a line tangent to a sphere (1) through, a given 
point on the sphere and (2) through a given point without the sphere. 

202. All planes at a given distance from a given point are tangent 
.to a sphere. 

203. All straight lines at a given distance from a given point are 
tangent to a sphere. 

204. The tangents to a sphere from a point without the sphere are 
equal to each other. 

205. The locus of the points of contact of -tangents to a sphere 
from a point without the sphere is a circle and the tangents form a 
conical surface. 

206. All tangent planes to a sphere whose points of contact are in 
a small circle of the sphere pass through a common point. 

Definitions, A conical surface whose elements are tangent to a sphere 
is said to be tangent to the sphere. A cone whose conical surface and 
base are tangent to a sphere is said to be circumscribed about the sphere 
and the sphere is inscribed in the cone. 

207. Tangents to a sphere whose points of contact are on a given 
great circle of the sphere are parallel to each other. Prove that the 
tangents form a cylindrical surface. 

D^nition. A cylindrical surface whose elements are tangent to a 
sphere is said to be tangent to the sphere. 

208. To construct two planes both tangent to a given sphere and 
parallel to a given plane. 

D^nition. A cylinder whose cylindrical surface and bases are tan- 
gent to a sphere is said to be circumscribed about the sphere and the 
sphere is inscribed in the cylinder. 

209. To construct a regular octahedron whose edges shall.be tangent 
to a sphere. 

210. If a tetrahedron have its edges tangent to a sphere, then the 
sum of opposite edges of the tetrahedron is constant. 

211. If a sphere be inscribed in a tetrahedron whose faces are a, 6, c, d, 
then any edge ajb subtends equal angles at the points of contact of the 
faces a and b and these angles are equal to the angles subtended by the 
edge cd at the points of contact of the faces c and d. 
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V 



212. If ike distance of the centers of two spheres is greater than the 
sum of their radii, their surfaces -have no common point ; if the distance 
of the centers is equal to the sum of their radii, their surfaces have one 
common point on the line joining their centers and they have no other com- 
mon point ; if the distance of the centers of two spheres of different radii 
is equal to the difference of their radii, their surfaces have one common 
point on the line joijiing their centers and they have no other common point, 

383. Definition, Two spheres whose surfaces have but one 
common point are said to be tangent to each other. They are 
tangent internally when the distance of their centers is equal 
to the difference of their radii, and they are tangent externally 
when the distance of their centers is equal to the sum of their 
radii. 

384. Theorem. If the distance of the centers of tzvo 
/spheres is less than the sum and greater than the difference 
of their radii^ their surfaces intersect in a circuinference whose 
plane is perpendicular to the line joining the centers of the 
spheres and whose center is in that line. 




Given the spheres Si and S^ with centers O^ and O^ and radii r^ 
and r^, the line segment O1O2 being less than r^ + r^ and greater 
than Ti — r2, (ji ^ rg). 
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To prove I the surfaces of Si and S2 intersect in a circumference, 
II the line O1O2 is peipendicular to the plane of the circum- 
ference and passes through its center. 

Proof. I. 1. Every plane through the line O1O2 cuts each 
sphere in a great circle of the sphere. (§§ 366 and 359) 

2. The circumferences of these circles intersect in points 

common to the surfaces of the two spheres. 

(If the distance of the centers of two [coplanar] circles is less than the 
sum and greater than the difference of their radii, they intersect!) 

3. Through three points A, B, C, common to the surfaces of 
Si and S2 pass a plane m. (§6, H, 1) 

4. m will cut each spherical surface in a circumference. 

(§366) 

5. These circumferences must be identical since they have 

three common points A, B, and (7. 

(One circumference and only one can pass through three non-collinear 
points.) 

6. No point without the circumference ABC can be common 
to the spherical surfaces for, if so, we should have two 
spherical surfaces through four points not in the same plane 
(why ?), which is impossible. (§ 377) 

7. .'. the intersection of the spherical surfaces is the cir- 
cumference ABO. (§§44; 47) 

II. 1. The line O1O3 joining Oi to the center O3 of the circle 
ABO is ^ to the plane m, and the line O2O3 is also -L m. 

(Why?) 

2. .-. the lines O1O3 and O2O3 are identical. (§ 91) 

3. .*. the line O1O2 is ± the plane of the circle ABO and 
passes through its center O3. 

EXERCISES 

213. When two spheres intersect, the tangents to the spheres from 
any point in the plane of their common circle are equal. 

214. A and B are two points 20 inches apart. Find the locus of 
'points in space which are 12 inches from A and 16 inches from B. 
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SPHERICAL ANGLES 

385. Definition. The angle of two intersecting curves is the 
angle formed by the tangents to the curves at their point of 
intersection. 

386. Definition. The angle formed by two intersecting arcs 
of great circles on a sphere is called a spherical angle. 

387. Theorem. The angle formed by two arcs of great 
circles has the same measure as the dihedral angle formed hy 
the planes of the arcs. - 

A 



Given AC and AC, two arcs of great circles intersecting in point 
A ; AB the intersection of their planes, and C-AB-C the dihedral 
Z. formed by them. 

To pi'ove the spheiical Z CA(J has the same measure as the 
dihedral Z C-AB-C. 

Proof. 1. Draw AT and AT' tangent respectively to the 
circles AC and AC. 

2. AT lies in the plane of circle AC and AT' lies in the 

plane of circle AC. 

{Definition. A tangent to a circle is a [coplahar] line which touches 
the circle in only one point.) 

3. ^Tand J.r areboth±.4J5. 

(A tangent to a circle is perpendicular to the radius through its point 
of contact.) 

4. .-. Z TAT' is a plane Z of the dihedral Z C-AB-C. 

(§ 107) 



>-• 
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5. .*. Z TAT' has the same measure as the dihedral 
Z C-AB-C. (§ 114) 

6. /. the spherical Z CA(7 has the same measure as the 
dihedral Z C-AB-C. (§§ 386 ; 36, 1) 

388. Corollary 1. TJie angle formed hy two arcs of great 

cirdes has the same measure as the arc of the great circle 

described from the vertex of the angle as a pole and included 

between its sides, 

ISuggestion. In the above figure (§ 387) if ^ is the pole of the circle 
CC, Z COa is a plane Z of the dihedral Z. C-AB-C',-\ 

389. Corollary 2. If an arc of a great cirde passes through 
a pole of a second great cirde, the two circumferences are perpen- 
dicular to each other. 

390. Corollary 3. If two circumferences of great circles 
are perpendicular to each other, each passes through the poles of 
the other. 

391. Corollary 4. If the circumference of a greaii cirde Cj 
passes through the pole of a great cirde Cg, tJien the circumference 
of C2 passes through the pole of Ci. 

SPHERICAL POLYGONS 

392. Definition. A portion of the surface of a sphere limited 
by three or more arcs of great circles is called a spherical 
polygon. Since all great circles pass 

through the center of the sphere, the ><<?T — ■^>,? 

planes of the sides of a spherical poly- /^ \ 

gon form a polyhedral angle whose ver- / ' 

tex is the center of the sphere and whose [ 

edges are radii drawn to the vertices of \ I 

the polygon (§§ 136 and 61). \ / 

On the other hand a sphere* can be \^^ ^y/ 
described with the vertex of any given 
polyhedral angle as center and with any radius (§ 348). 

The faces of the polyhedral angle will cut the surface of the 



140 SOLID GEOMETRY 

sphere in arcs of great circles which will form a spherical 
polygon (§§366; 359). 

Therefore for every spherical polygon there is a polyhedral 
angle at the center of the sphere that may be said to corre- 
spond to it, and for every polyhedral angle there is a corre- 
sponding spherical polygon. 

393. Relation between the parts of a spherical polygon and 
those of its corresponding polyhedral angle at the center of the 
sphere : 

(a) each angle of a spherical polygon has the same mea^ire as 
that dihedral angle of its corresponding polyhedral angle which is 
formed by the planes of its sides (§ 387) ; 

(b) each side of a spherical polygon Ims the same measure as 
the foice angle which it subtends of its correspondin/g polyhedral 
angle, 

(Central angles have the same measure as their intercepted arcs.) 

From the relation established (§ 393) between spherical poly- 
gons and polyhedral angles, it follows that from any property 
of polyhedral angles we may infer a property of spherical 
polygons, and, reciprocally, from any property of spherical 
polygons we may infer a property of polyhedral angles. 

394. Definition, A spherical polygon is called convex when 
its corresponding polyhedral angle at the center of the sphere 
is convex ; otherwise it is concave. 

395. Definition, A diagonal of a spherical polygon is the 
arc of a great circle joining two vertices not consecutive. 

396^ Theorem. The sides and angles of a convex spherical polygon 
are each less than 180° (Use Ex. 78). 

Note. The vertices of spherical triangles will be denoted by cap- 
ital letters and the sides opposite them by corresponding small letters. 

EXERCISES 

215. To construct a spherical angle of 40° ; of 86°. 

215 a. To draw on a sphere a great circle perpendicular to a given 
great circle, (1) through any point on the circle; (2) through any 
point of the sphere without the circle. 
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215 ft, To construct the following spherical triangles : 

1. A = 70'', b = 100^ c = 80°. 

2. B = 80°, A = 50°, c = 70°. 

3. a = 100°, b = 75°, c = 84°. 

4. A= 80°, B = 100°, C = 110°. 

397. Theorem. The sum of two sides of a spherical tri- 
angle is greater than the third side. 




Given the spherical triangle ABC on a sphere whose center is O. 
To prove AB-\-BC> AC. 

Proof. 1. In the corresponding trihedral angle at the center 

of the sphere 

Z AOB + Z BOO > Z AOO. (§ 147) 

2. .-. AB + BO> AO. (§§393 ; 36, VI) 

If two sides of a spherical triangle are 70° and 80° respectively, be- 
tween what limits does the third side lie ? 

398. Theorem. The sum of the sides of a convex spheri- 
cal polygon is less than the circumference of a great circle. 




[Suggestion. Use § 148 and § 393. Compare § 397.] 
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399. If from the vettices of a spherical triangle as poles the 
circumf ereiices of great circles are described, these great circles 
will divide the surfatee of the sphere into eight triangles whose 
vertices will be the poles of the sides of the given triangle; 
that is, the intersections of the circles described from B and C 
as poles are the poles of the arc BC, the intersections of the 
circles described from A and C as poles are the poles of the arc 
AC, and the intersections of the circles described from B and A 
as poles are the poles of the arc AB (§ 378 a). 

One of these eight triangles is called the polar triangle of 
ABC, namely : if we call the polar triangle A'B'C, then A' is 
that pole of BC whose distance from A is less than a quadrant, 
B' is that pole of AC whose distance from B is less than a 
quadrant, and C is that pole of AB whose distance from C is 
less than a quadrant (§ 371). 

Hence the following : 

400. Definition. The polar triangle of 

the spherical triangle ABC is the tri- 
angle A'B'C whose sides are arcs of great 
circles described from -4, B, and (7 as poles, 
and whose vertices are, consequently, 
poles of the sides of ABC ; -4' being that 
pole of BC whose distance from A is less 
than a quadrant, B' the pole of AC whose 
distance from B is less than a quadrant, and C the pole of AB 
whose distance from C is less than a quadrant. 

Obviously the polar triangle of a spherical triangle ABC can 
be determined either by drawing its sides from the vertices of 
ABC as poles, or by finding the poles of the sides of ABC, 
which are its vertices. 

• 

401. Theorem. J^ A' B' C is the polar triangle of AB C^ 
then reciprocally ABO is the polar triangle of A'B' C. 

Proof. This theorem is an immediate consequence of the defi- 
nition (§ 400), for if A'B'O is the polar triangle of ABC, then 
ABC satisfies the definition of the polar triangle of A'B'C 




./ 
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402. Theorem. Any angle of a spherical triangle has 
the same measure as the sttpplement of the side of its polar 
triangle of which the vertex of the angle is the pole. 




Given ABC a spherical A, and A^ffC its polar A. 

To prove Z A has the same measure as the supplement of the 
arcB'C. 

Proof. 1. Denote the points of intersection of circles AB 
and AC with the circle B'C by F and E respectively. 

2. Since the point A is the pole of B'C\ the ZA has the 
same measure as the arc FE. (§ 388) 

3. Since B* is the pole of AC, the arc B'E is a quadrant and 
since C is the pole of AB, the arc C^F is a quadrant. (§ 370) 

4. ,'. B'E + FC = 1S0'', 
or B'F-\- FE + EC + i^J5;= 180^ 

or B'C 4- FE = 180^ ^ . ^^ "^ ! '' ^' --.pC^ 

6. .'. since Z A has the same measure as arc FE, it has the 
same measure as the supplement of arc B'C 

EXERCISES 

216. Discuss the relative positions of a spherical triangle and its 
polar triangle when (1) each side of the given triangle is Jess than a ^ 
quadrant ; (2) each side is greater than a quadrant ] (ij one side is 
greater and one side less than a quadrant; (4) one, two, or three 
sides are quadrants. 

Illustrate each case by figures drawn on a ball or spherical black- 
board. 

216 a. To construct a spherical triangle given A = 60°, B = 70®, 
and C = 80*^. 
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216 h. In the trihedral angles at the center of a sphere, which cor- 
respond to- two polar spherical triangles, the edges of each are respec- 
tively perpendicular to the faces of the other. 

403. Theorem. The sum of the angles of a spherical 
triangle is more than two and less than six right angles,^ 




Given a spherical A ABC. 
To prove 

1. ^ 4- jB 4- C < 540°, 

11. ^ + 5+0180° 

if A, B, and C denote the measures of the angles of the A in degrees. 

Proof. 1. Construct the polar A A'B'C of ABC and denote 
the measures of its sides in degrees of arc by a', h\ and c'. 

2. A = 180° - a' 

jB=180°-6' 

and (7=180°-c'. (§402) 

« 

3. Adding these equations we have 

^ -j. 5 + C = 540° - (a' + ft' + c'). 

4. .-. ^ + J5+(7<540°. 

5. a' + 6' -f c' < 360°. (§ 398) 

.6. .-. ^ + 5 + > 180°. (§ 36, IV, 3) 

403 a. Definition. The number of degrees by which the sum 
of the angles of a spherical triangle exceeds two right angles 
is called the spherical excess of the triangle. 
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If ABC is a spherical polygon and A'y B', C are the oppo- 
site extremities of the diameters through Aj B, and C respec- " 
tively, then the circumference AB passes through points A 
and B\ the circumference AC through points A' and C", and 
the circumference BC through points B^ and O (Ex. 178). 
Thus the twg^pherical polygons ABC and 
A'B'C are so related that their correspond- 
ing polyhedral angles at the center of 
the sphere are vertical polyhedral angles 
(§ 143). 

404. Definition, Two spherical polygons 
on the same sphere so related that their 
corresponding polyhedral angles at the center of the sphere are 
vertical polyhedral angles are called vertical spherical polygons. 

405. Theorem. Two vertical spherical polygons have 
their corresponding parts equal and placed in reverse order. 





Proof. 1. Let ABC and A'B'C be two vertical spherical 
polygons, then their corresponding polyhedral angles at the 
center of the sphere are vertical polyhedral angles. (§ 404) 

2. .*. the two polyhedral angles have their corresponding 
parts equal and placed in reverse order. (§ 146) 

3. .-. the given polygons have their corresponding parts 
equal and placed in reverse order. (§393) 

406. Definition. Any two spherical polygons on the same 
or equal spheres which have their parts respectively equal and 
placed in reverse order are called symmetrical spherical polygons. 
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407. Theorem. If two spherical trianffles on the same 
sphere or on equal spheres have two sides and the included 
angle of one equal respectively to two sides and the included 
angle of the other^ they are congruent or symmetrical accord- 
ing as the parts given equal are placed in the same or in re- 
verse order in the two triangles. 





Given AiBiCi and AJB^C^, two spherical A on the same sphere 
having /. Ai = Z. A2, &i = K and Cj = c^ 
To prove A AiBiC^ and A^B^C^ are 

I. Congruent when b^ A^ Ci and 62? ^> Cj are in the same 
order, and 

II. Symmetrical when 61, Ai, Ci and bi, A2, Cg are in reverse 
order. 

Proof. I. When ft,, Ai, Ci and bz, A^, Cg are in the same order. 

1. In the corresponding trihedral A at the center of the 

sphere, dihedral Z OA^ = dihedral Z OA^y (§ 393) 

Z AOCi =? Z AJOC^ and Z A^ OB^ = Z ^2 0^2 ; (§ 393) 
and these parts are placed in the same order. (Hyp.) 

.-. the trihedral A are congruent and can be made to coin- 
cide. (§ 149) 

2. OA^ = OA,, OBi = OB2, and OCi = OOj. (§ 361, 1) 
.-. point Ai will fall on A^ point Bi on ^g? ^•Ad point Ci on 

C,. (§28) 
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3. .-. arc AiBi will coincide with A2B2, arc BiCi with B2C2, 
and arc Ci^i with €2^^ (§ 868) 

4. Since the A AiBiCi and -42^2^2 coincide throughout, they 
are congruent. (§ 28) 

II. When bi, Ai, Ci and 62? A2, C2 are placed in reverse order. 

1. In the corresponding trihedral A at the center of the 
sphere, as in I 

dihedral Z OA^ = dihedral Z OA^, 
Z A,OBi = Z A2OB2 and Z A^OC, = Z A2OC2, 

but now these parts are placed in reverse order in the two 
figures, since their order is the same as that of their corre- 
sponding parts in the two given triangles. 

2. .*. the two trihedral A have their corresponding parts 
equal but placed in reverse order. (§ 149) 

3. .-. the two spherical triangles have their corresponding 
parts equal but placed in reverse order. (§ 898) 

4. .-. A AiBiCi and A2B2C2 are symmetrical. (§406) 

408. Corollary 1. If two spherical triangles on the same 
sphere or on equal spheres have their parts respectively equal and 
similarly placed, they are congruent. 

409. Corollary 2. If two spherical triangles on the same 
sphere or on equal spheres are both symmetrical with the same 
third triangle, they are congruent 

EXERCISE 
217. To find the radius of a given material sphere. 

{^Suggestion, Draw any small circle on the sphere. Denote its 
pole by P, its center by 0, and any point in its circumference by A . 

Find the radius ^0 of this small circle by means of the distances 
between three points on its circumference. 

Draw on a plane surface a right triangle whose hypothenuse is the 
straight line PA and one of whose legs is the radius AO, 

Draw a line through A perpendicular to the line PA. It will meet 
the line PO in some point P'.] 
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410. Theorem. If two spherical triangles on the same 
sphere or on equal spheres have a side and the two adjacent 
angles of one equal respectively to a side and the two adja- 
cent angles of the other^ they are congruent or symmetrical. 




Cj Bg 




Given two spherical A, AiByCi and A2B2C2 on the same sphere, 
having ai== Uz, Z Bi = Z B2, and Z Ci = Z C^. 

To prove A AiBiCi and A2B2C2 are congruent or symmetrical. 

Proof. 1. Construct the polar triangles Ai'Bi'Ci and AiB^G^ 

of triangles A^B^lx and A^B^C^- (§ 400) 

2. Z.A^=^Z. Ai because 01=02; 61' = 62' because Z 5i = Z B^, 
and Ci'^Ci' because Z (7i = Z Cj. (§ 402) 

3. .*. A AiBiCi and AJB2C2 have their parts respectively 

(§ 407) 

AAiBiCi and A2B2C2 have their parts respectively 

(§402) 

A AiBiCi and A2B2C2 are congruent when their corre- 
sponding parts are placed in the same order (§ 408) 
and are symmetrical when their corresponding parts are placed 
in reverse order. (§ 406) 

411. Theorem. Two mutually equilateral spherical tri- 
angles on the same sphere^ or on equal spheres, are congruent 
or symmetrical. 

Proof. 1. The corresponding trihedral A at the center of 
the sphere have their face A respectively equal. (§ 398) 



equal. 

4. . 
equal. 

5. . 
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2. .-. these trihedral A have their dihedral A respectively 

equal. (§ 161) 

3. .*. the given spherical triangles have their A respectively 
equal. (§ 393) 

4. Since the given spherical triangles have their parts re- 
spectively equal, they are equal when their corresponding 
parts are placed in the same order, and are symmetrical when 
they are placed in reverse order. (§§ 408 ; 406) 

412. Theorem. Two mutually equiangular spherical 
triangles on the same sphere or on equcd spheres are congruent 
or symmetrical. 

Given AyBiCi and A^C^ two spherical A on the same sphere, 
having Z ili = Z ilg, Z A = ^ ^, and /.Ci^^ZC^. 

To prove A AiBiCi and AJB^C^ are congruent or symmetrical. 

Proof. 1. Construct the polar A A^B^C^ and A^B^C^ of 
the given A. (§ 400) 

2. In AA^B^G^ and A^B^Ci, a/ = a^, ft/ = h^, and c/ = 
ci, (§ 402) 

3. /.A^:=^/. Ai, /.B^^Z. Ba', and /. C^ = /. C^'. (§ 411) 

4. .-. in A AiBiCi and ^2^202, ai=ci2, 6i=&2> and Ci=C2. (§ 402) 

5. Since A AiBiCi and A2B2C2 have their parts respectively 
equal, they are congruent when their parts are placed in the 
same order and are symmetrical when their parts are placed 
in reverse, order. (§§408; 406) 

EXERCISES 

218. The locus of points on a sphere equidistant from two given 
points on the sphere is the circumference of a great circle perpendicu- 
lar to the arc of the great circle joining the points, at its midpoint. 

219. To hisect a spherical angle. 

220. To find the pole of a given small circle. 

221. To draw a circle through three given points on a sphere. 

222. The surface of a sphere may be divided into four, eight, or 
twenty equal equilateral triangles ; into six equal equilateral quadri- 
laterals ; and into twelve e^ual equilateral pentagons. 



150 



SOLID GEOMETRY 



222 a. If a regular octahedron be inscribed in a sphere, each edge 
of the octahedron is the chord of a quadrant ; each vertex is the pole 
of a great circle which passes through four other vertices. 

413. Theorem. In an isosceles spherical triangle the 
angles opposite the equal sides are equal. 




ISuggestion. Join the vertex to the midpoint of the base by the arc 
of a great circle.] 

414. Theorem. If two angles of a spherical triangle are 

equal, the sides opposite these angles are equal. 

ISuggestion, Construct the polar triangle of the given triangle and 
use § 413.] 

415. Theorem. If two symmetrical spherical triangles 
are isosceles^ they are congruent. 





Proof. 1. Let ABC and A^B^C be two symmetrical spherical 
A having AB = AC and AB' = A'O, then 

AB = AC and J(7 = AB' ; (§§ 406 ; 86, I) 

and Z.A= /: A'. (§ 406) 

2. That is, the two A have two sides and the included Z of 
one equal respectively to two sides and the included Z of 
the other and placed in the same order, and are .-. congruent. 

(§407) 
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416. Theorem. Two symmetrical spherical triangles 
have equal areas, 

(It will be sufficient to prove that any spherical A ABC and its verti- 
cal A have equal areas ; for two vertical spherical ^ are symmetrical 
(§§ 406 ; 406) ; and two ^ symmetrical with the same third A are con. 
gruent (§409).) 




Given ABC and A'B'C two vertical spherical A. 
To prove ABC and A^B^O have equal areas. 

Proof. 1. Let P be a pole of the small circle determined 
by the points A, B, and 0. (§ 864) 

Let P' be the, opposite end of the diameter through P. 

2. Draw the great circles PAy PB, and PO, (§ 863) 

3. The circle PA passes through the points P and A\ the 
circle PB through the points P* and B\ and the circle PC 
through the points P and 0'. (Ex. 179) 

4. Arc PA = arc PB = arc PO. (§ 367) 

5. A PAB and PA'B' are vertical A ; (§ 404) 
.-. they are symmetrical. (§§406; 406) 

6. .-. A PAB and P'A'B' are congruent. (§ 416) 

7. In like manner it can be proved that A PBC and PB'C 
and A PCA and PC A' are congruent. 

8. A ABC is the sum of A PAB, PBC, and PCA and 
A A' B' a is the sum of APA'B'^PB'C, and P'CA', and .-. 
the area of A ABC equals the area of A A'B^C (§ 36, III, 1) 

9. If the point P should fall without the A ABC, then the 
A ABC would be equal to the sum of two of. the three A 
PAB, PBC, PCA minus the third A, and A A'B'C would be 
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equal to the sum of the two corresponding A of P'A'B\ 
P'B'C, PC A' minus the third A, and .-. in this case also 
A ABC and A'B'O have equal areas. (§ 36, VI) 




^f--V. 




417- Theorem. A spherical triangle may have two or even three 
right angles. 

. 418. Definition. A spherical triangle which has two right 
angles is called a birectangular spherical triangle. 

419. Corollary. Hie vertex of a birectangular spherical triangle 
is a pole of the opposite side and the sides opposite the right angles are 
quadrants. 

420. Definition. A spherical triangle which has three right 
angles is called a trirectangular spherical triangle. 

421. • Corollary. Each vertex of a trirectangular spherical triangle 
is a pole of the side opposite and each side of the triangle is a quadrant. 

422. Definition. A spherical degree is -j\^ of the surface of 
the sphere. 

422 a. Note. If any great circle on a 
sphere be divided into n equal parts and 
the arc of a great circle be drawn through 
each point of division and the poles of the 
circle (Ex. 178), the surface of the sphere 
will be divided into 2n equal birectangular 
spherical triangles whose third angle is 
one nth of 360° (why?); if n equals 360, 
then each of these triangles is a spherical degree. (Why ?) 
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It is convenient in general to assume that a spherical degree 
is a birectangular spherical triangle whose third angle is an 
angle of one degree. 

423. Definition. A lune is a portion of 
the surface of a sphere included between 
two semicircumferences of great circles. 

424f. Corollary. The two angles of a lune 
are equal, 

425. Corollary. Two lunes on the same 
sphere or on equal spheres which have equal angles 
are congruent, 

426. Theorem. The area of a birectangular spherical 
triangle is equal to the measure of its third angle if the .unit- 
of surface is the spherical degree and the unit of an^gle is the 
spherical angle of on£ degree. 

Given the birectangular spherical A BAC with A B and C right 
A ; and the spherical degree RPS, a spherical A, having A R and 
S right A, and P an angle of one degree. 

To prove area A BAC = meas, A A, 
Case I, When arc BC is commensurable with BS, 

A P 




R 8 

Proof. 1. Suppose a common measure of BC and RS to 
be contained t times by RS and p times by BC,^ (§ 187) 

^ In the diagram ^ = 1 and p = 7. 
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2. Then the measure of arc BC = ^ . 

t 

3. /. the measure of A A— ^. 

t 



(§ 193) 

(§888) 



4. Through the points of division of BC and the point A 
draw ares of great circles, and through the points of division 
of RS and the point P draw arcs of great circles. (§ 363) 

5. These arcs will divide the A BAC and RPS into equal A 
(why ?) of which RPS will contain t and BAC will contain p. 

6. .-. area ABAC=^^. ' (§ 193) 

7. .•. area A J5^(7= meas. Z A, 

Case IL When arc BC is incommensurable with RS. 




dC 



R 8 



Proof. 1 . The nth part u^ of iJ/SVill be continued by BC a cer- 
tain number of times m with a remainder DCless than u^, (§ 188) 

2. Through the last point of division, D, of BC and the 
point A draw the arc of a great circle. (§ 363) 

3. Since arcs BD and RS are commensurable 



4. 



and 



area A BAD = meas. arc BD = — . (Proof of Case I) 

n 

.-. - . arc 2?/S < arc J5C < ^?^ . arc iJ/S' 



m 
n 



. A RPS <ABAC< ^^^±i . A RPS. 

n 
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5. That is, — is at the same time an approximate measure 

n ^ 

ftoo small by less than -"j of arc BC and of A ABC, (§ 196) 

6. If n be indefinitely increased, — will approach a limit. 

^ . (§ 204) 

7. This limit is the measure of arc BC and of A ABC. 

(§ 200) 

8. .-. this limit is the measure of Z A, (§ 888) 

9. .-. area A BAC = me3,s. of Z A. (§ 36, 1) 

427. Corollary 1. TJi^ area of a lune is 
equal to twice the measure of its angle when the 
unit of stirface is the spherical degree and the unit 
of spherical angle is the spherical angle of one 
degree. 

428. Corollary 2. The area of a lune is to 
the surface of the sphere as the angle of the lune is 
to four right angles. 

429. Theorem. The area of a spherical triangle ex- 
pressed in spherical degrees is equal to the spherical excess 
of the triangle. 





Given ABC a spherical A and let A, B, and C denote the numeri- 
cal measures of its angles. 

To prove area ABC =A-\-B-\- 0- 180. 

Proof. 1. Denote the point in which the circumference AC 
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intersects the circumference AB a second time by A' and the 
point in which it intersects the circumference CB a second 
time by (7'; denote the point in which the circumference AB 
intersects the circumference CB a second time by B^. 

2. (a) Area A ABO + area A BOA = area lune ABA'O. 

(b) Area A ABO -f- area A OAB" = area lune BABO. 

(c) Area A ABO -f area A ABC = area lune CAC'B. 

(§ 423) 

3. But A ABOf and A' BO are vertical A. (§ 404) 
.-. they are symmetrical, (§§406; 406) 
and .-. they are equivalent. • (§ 416) 

4. .-. (d) area A ^50 + area A ^'5'(7= area lune CAC'B. 

(§ 36, VI) 

5. We may write the sum of the equations (a), (6), and (d) 
as follows : 

2 area A ABO -f- area A ABO + area A BOA + area A CAB 
H- area A A!BO= area lune ABA!0 + area lune BABO + area 
lune (7-4(7'^. 

6. From the figure the sum of the areas of the four triangles 
ABOy BOA!, CAB, and A! BO is the area of the hemisphere 
whose base is the circle AB, 

Therefore if the spherical degree be taken as the unit of 
measure, 

2areaAABC + 360 = 2u4-h25 + 2(7 (§§422; 427) 

7. .-. area A ABO = A + B-\-0 - 180. 

430. Corollary. The area of a spherical 
polygon expressed in spherical degrees is equal to 
the excess of the sum of the measures of its angles ^ ^ 

over (tI — 2) 180- if n denotes the number of sides \. ^^/^ 
of the polygon. ' ^ \ ,ft a> V ^ ^ 

What portion of the surface of a sphere is covered by a spherical 
triangle whose angles are respectively 65*, 7.5°, and 85° ? 

What is the area in spherical degrees of a spherical triangle polar 
to one whose sides are respectively 65°, 75°, and 85° ? 
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431. Theorem. The shortest line that can he drawn on 

the surface of a sphere between two points is the arc of a 

great circle not greater than a semicircumferenee joining the 

points. 




Given AB the arc of a great circle not g:reater than a semi- 
circumference joining the points A and B. 

To prove arc AB is the shortest line that can be drawn on the 
sphere joining A and B, 

Proof. 1. Take any point O on AB and with A and B as 
poles describe circles k^ sind fcj whose polar distances are, 
respectively, AC and BC. 

2. These circles have only the point C in common. 

For if F is any other point on the circle Tci, we can draw the 
arcs of great circles AF and BF. (§ 363) 

If the point in which BF cuts the circle Ajj be denoted by O, 
then 

(1) BC=BG. (§367) 

(2) AF=AO, (§367) 

(3) AF-\-BF>AC+ Ba (§ 397) 
Subtracting the equality (2) from the inequality (3) we have 

BF > Ba (§ 36, VI, 2) 

,\BF>BG, (§36, VI) 

.-. Fis without the circle fcj. (Why ? Compare §371.) 

.'. circles ki and kz have only the point C in common. 

3. Now let ADEB be any line on the sphere which joins 
Ato B but does not pass through C 

4. This line will cut the circles k^ and k^ in different points, 
D and E. (Why ?) 
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6. Whatever the nature of the line AD, we can draw an 
equal line from A to 0. 

For let the line AD be regarded as on a sphere of equal 
radius coincident with the given sphere. (§ 362) 

Then this sphere can be rotated on the diameter through A, 
until the point D comes into coincidence with the point 0. 

(Why?) 

Similarly whatever the nature of the line BE, we can draw 
an equal line from BtoC. 

6. .-.a line can be drawn from A to B through G that is 
equal to the sum of the lines AD and BE and hence less than 
the line ADEB by the line DE. 

7. We have proved that through C can be drawn a line 
joining A and B which is less than any line joining A and B 
that does not pass through C 

8. .-. the shortest line must pass through (7. 

9. But C is any point on the arc AB and hence the shortest 
line from A\^ B must pass through every point of the arc AB 
and hence it must be the arc AB. 

« 

MEASUREMENT OP THE SPHERE 

432. Definition, The portion of the ^xC"!rrrr"v. 

surfcbce of a sphere included between two yC l ^ ^\ 

parallel planes is called a zone; the two /.-l^ "^*-\ 

circumferences in which the planes cut fei irh ^^' ^ ^ 

the spherical surface, and which limit the \ \ j I 

zone, are called its bases ; the distance be- \ \ I / / 
tween the planes is called the altitude of \\^ \/ ^y^ 
the zone. If one of the parallel planes is ^ 

tangent to the sphere, the zone is called a zone of one base. 

433. Definition. The portion of a sphere included between 
two parallel planes is called a spherical segment, the circles in 
which the planes cut the sphere are the bases of the segment, 
and the distance between the planes is its altitude. 
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434. The curved surface of a spherical segment is obviously 
a zone (§ 432). m ^ 

435. Theorem. If a sphere is generated by the 
revolution of a semicircle EBF about a diameter EF as 
an cuis, then : 

1. Any arc AB of the semicircumference will generate 
a zone ; 

2. An arc EA which hcis one extremity in the axis will 
generate a zone of one base ; 

3. The figure AA'B'B which is one half of a cir- 
cular segment will generate a spherical segment, 

436. Definition, The solid generated by a circular sector 
COD revolving about a diameter which does not cross the 
sector is called a spherical sector. 

437. Theorem. The area generated by a line segment revolving 
abovt an axis in the same plane with it, but not crossing it, is eqttal 
to the product of the pivjection of the line segment on the axis by 
the circumference of a circle whose radius is the portion of the 
perpendicular to the line segment at its midpoint intercepted betioeen 
this poiid and the axis, X 





Given the line segment AB and the straight line XT lying in 
the same plane m with AB but not crossing AB] A and Bf the 
projections of A and B on XY\ 10 ± AB at its midpoint /, and 
meeting XY In 0. Denote by S the area of the surface generated 
by AB as the plane m revolves about XY as an axis. 
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To prove 8=^2 irlO • AS, 

Case I. When AB is not II XFand contains no point of XY. 

Proof. 1. The surface generated in this case is the lateral 
surface of the frustum of a cone of revolution. (Why ?) 

2. J)i2iw IK ± XT 2Lnd AH ±BB^. 

3. S=2irIK'AB. (§341) 

4. A ABH and lOK are similar. 

(Two triangles whose sides are respectively perpendicular to each other 
are similar.) 

AB^I0^ 2wI0 

' " AH IK 2irIK' 

(In similar triangles homologous sides are proportional.) 

6. .-.2 irlK 'AB = 2 irlO . AH (§ 86, III, 3) 

7. .\8 = 2irI0'AH (3) 

8. BniAH=^A'Bf, (Why?) 

9. ,\S = 2irI0'AB. 

Case II. When AB is parallel to XY. The surface gen- 
erated in this case is the lateral surface of a cylinder of 
revolution. 

Case III: When AB has one extremity A in XY. The 

surface generated in this case is the lateral surface of a cone 

of revolution. The proof of Cases II and III is left as an 

exercise for the student. 

X X 







Bl 



B* 
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438. Theobem. If a broken line inscribed in an arc of a 
circle revolves about a diameter of the circle which does not cross 
the arc, and the number of sides of the broken line is indefinitely 
increased in such a way that each side approaches zero as a limits 
then the area of the surface generated by the broken line will ap- 
proach a limit which is the product of the projection of the arc 
upon the OjXis by the circumference of the given circle. 




(Hven the arc AB of a circle revolving about the diameter XY 
which does not cross the arc ; ACDEB a broken line inscribed in 
AB\ A\ C, 2>', Ef, Bf the projections of the points A, C, D, E, B, on 
the axis ; r the radius of the circle and its center. 

To p7*ove area ACDEB will approojch 2 wr X A'B! as a limit 
when the number of sides of ACDEB is indefinitely increased in 
such a way that each side approaches zero as a limit. 

Proof. 1. Draw perpendiculars to the chords AC, CD, DE, 
EB, at their midpoints ; these lines will all pass through 0. 

(The perpendicular to a chord of a circle at its midpoint passes through 
the center of the circle.) 

2. Denote the measures of these perpendiculars by pi, pz, 
Pzf Pi) respectively. 

Ares. AC = 2 irpi ' A' C\ 
area Oi) = 2 Trpj • CD", 
area Z)^ = 2 7r?>3 . Z>'^', 
area EB = 2irp^' E'Bf. (§ 437) 



3. 
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4. Denote the least of the numbers Pi,P2f Pa Pa ^JPn* Then 

area^C>2^„.^'(7', 
area CD > 2 irp, • CU, 
area DE > 2 irp,, • I/E', 
area EB^ 2irp^'E'B. 

6. Adding these expressions we obtain, 
area ACDEB > 2 7rp„ . jMBf. 

6. Since r is greater than the greatest of the numbers Pi,jp2> 
^3, P. therefore, ^,1 j^c <2^. AC, 

2LTedi.CD <2irr'Ciy, 
area DE <2iti'' Df^, 
area EB<2irr- E'Bf. 

7. Adding these inequalities we obtain 

area ACDEB < 2 irr • AB!. 

8. 2 Trr . ^'5' - 2 7iy„ . ^'^ = (r -p„) 2 tt^'JB'. 

9. .-. since area ACDEB is a number less than 2irr*AB! 
and not less than 2 tt^^ • AS, (5 and 7) 

2 irr . ^'5' - area ACDEB <{r-p^'2 wAS, 

10. Now r — p^ is less than one half of the measure of the 
longest side of ACDEB, (Why ?) 

11. .*. when the number of sides of ACDEB is indefinitely 
increased in such a way that each side approaches zero as a 
limit, (r—p^ will approach zero as a limit. 

(A, § 22) 

12. .'. (»• — i?„) • 2 IT AS will approach zero 
as a limit. (A, § 30, 1) 

13. .-. area ACDEB will approach 
2 irr . AS as a limit. (9 and A, § 23) 

439. Definition. If a sphere is generated 
by the revolution of a semicircle ACDB about 
its diameter AB, then the area of the zone gen- 
erated by an arc CD is the limit of the area of 
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the surface generated by a broken line inscribed in the arc 
when the number of sides of the broken line is indefinitely in- 
creased in such a way that each side approaches zero as a limit. 

440. Theorem. The area of a zone is equal to the prod- 
uct of the altitude of the zone by the circumference of a great 
circle of the sphere, 

[Suggestion. The theorem is an immediate consequence of §§ 438 and 
439.] 

441. Corollary 1. The area of a surface of a sphere is 
4 ttt^ ifr denotes the radius of the sphere. 

ISuggestion. The surface of a sphere is a zone whose altitude is 2 r.] 

442. Corollary 2. The area of the surface of a sphere is 
equal to four times the area of a great circle of the sphere. 

443. Theorem. The volume of the solid generated by 
a triangle revolving about an axis in its plane^ passing 
through one of its vertices but not crossing it^ is equal to one 
third of the product of the area of the surface generated by 
the side opposite the fixed vertex and the corresponding alti- 
tude of the triangle. 

Given the triangle ABC revolving about the axis situated in its 
plane and passing through the vertex A, but not crossing the tri- 
angle ; AP the ± from the vertex A to the side BC. 

To prove vol. ABC = \ area BC • AP. ^^ 

C 





Case I. 
the axis. 



When one side AB of ihe A is coincident with 
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Proof. 1. Draw CC ± AB, 

2. The two A ACQ' and BOC will generate cones having 
as a common base the circle whose radius is GC and for alti- 
tudes AC and BO' respectively. (§ 808) 

3. .-. vol. ACC = i irW^ ' ^0' 



and vol. BGC = \ ttCC"' • BG\ (§ 886) 

4. The solid generated by ABG will be the sum of these 
cones or their difference according as the point G' falls within 
the segment AB or without AB, 

6. .-. in the first case 

vol. ^50 = i ttC^' . AG' -ir\irGC^'BG' 

:=iirCC^(AG' -\-BG') 

= iwGG^'AB, 

and in the second case 

vol. ABG =iwGG^ . AG' -^\irGG^ • BG' 

= i irCG''' . {AG' - BG') 

= i7rOG^'AB. 

6. But GG' • AB = AP' BG, for each product equals twice 
the area of the A ABG. (§ 86, VI) 

(The area of a triangle is equal to the product of its base and alti- 
tude.) 

7. .-. vol. ABG = I irGG' . BG - AP. 

8. ttGG' - BG is the area of the conical surface generated by 
BG. - (§ 884) 

9. .-. vol. ^5(7 = i area J3(7--4P. 
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Case IL When the side opposite the fixed vertex A is 
parallel to the axis. 





C' A 



Proof. 1. Draw API. BO and draw BB' and CO' ± the axis. 

2. The point P may fall within BC or without BO. 

3. In the first case 

vol. A ABO = vol. rectangle BfBOO' - vol. A AOO' - vol. 
AABB". 

The completion of the proof is left to the student. 
Oase IIL General Case. 




Proof. 1. Vol. A ABO = vol. A ABD - vol. A AOD. 

2. .-. vol. A ABO = \ area BD^AP-^ area OD - AP 

(Case I) 
= \AP (area BD - area OD) 

= \ AP area BO, 

444. Definition, If in an arc of a circumference a broken 
line is inscribed, then the figure bounded by the brokeu line 
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and the radii through its extremities is called a 
polygonal sector; and the polygonal sector is 
said to be inscribed in the circular sector whose 
base is the given arc ; the broken line is called 
the base of the polygonal sector. 

445. Theorem. If a polygonal sector in- 
8cribed in a circular sector revolves about a 
diameter of the circle which does not cross the 
sector^ and the number of sides of its base is in- 
definitely increased in such a way that each side approaches 
zero as a limits then the volume of the solid generated by the 
polygonal sector will approach a limits which is the product of 
the area generated by the base of the circular sector and one 
third of its radius. 





Given the circular sector 0-AB revolving about a diameter 
which does not cross the sector ; the polygonal sector 0-ACDEB 
inscribed in 0-AB; rthe radius of the circle. 

To prove vol. 0-ACDEB will approach as a limit area arc 
AB - \r, if the number of sides of AC DEB is iyidefinitely in- 
creased in such a way that each side approaches zero as a limit. 

Proof. 1. Draw Js to the chords AC, CD, DE, EB at their 
midpoints. They will all pass through 0. (Why?) DQnote 
the measures of these perpendiculars by pi, p^, 2ht Pi respectively. 
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2. Vol. OAC= area AC • ^pi, 

vol. GOD = area CD • ^p^, 
vol. 0Z>-E7 = area DE • ^pa, 

vol. OEB = area ^5 • ^ ^4. (§ 443) 

3. Denote the least of the numbers pi, pz, Pzy Pi by p„. Then 

vol. OAC^SLTea, AC • \p^ 
vol. OCZ>> area (72> .^j9^ 

vol. OZ)JS;> area DE - Jp^, 
vol. OJ^JB > area EB - \p„. 

4. Adding these inequalities, we obtain 

vol. O^ACDEB > area ACDEB . ^p,. 

5. r is greater than the greatest of the numbers j>i,^2>/>8» Pi 
and . • . vol. OA C< area AC-^r, 

vol. 0(7Z><area CD-^r, 
vol. Oi)£7< area DE-^Vy 
vol. 0^5 < area -E;J3 • | r. 

m 

6. Adding these inequalities, we obtain 

vol. 0-ACDEB < area ACDEB • J r. 

7. .'. from 4 and 6 

vol. O' ACDEB - area ACDEB • ii>„ <(r -pj area ACDEB, 

8. r — j9„ is less than one half of the measure of the longest 
side of ^CDjE;^. (Why?) 

9. Now if the number of sides of ACDEB is indefinitely 
increased in such a way that each side approaches zero as a 
limit, then r — j9„ will approach zero as a limit. (A, § 22) 

•'• Pn wil^ approach r as a limit. (A, § 23) 

Area ACDEB will approach area arc AB as a limit. (§ 439) 
.-. area ACDEB • \p^ will approach as a limit area arc 
AB'ir. (A, §31) 

.'. (r —Pn) area ACDEB will approach zero as a limit 

(A, §30, 1) 
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10. Since vol. 0- AC DEB — area ACDEB - ^p^ approaches 
zero as a limit (7 ; 9) 

and area ACDEB • ^p^ approaches as a limit area arc AB • ^ r, 

(9) 
.-. vol. 0- ACDEB will approach as a limit area arc AB • ^ r. 

(A, § 80, III) 

446. Definition. The volume of the solid generated by a 
circular sector revolving about a diameter of the circle which 
does not cross the sector, is the limit of the volume generated 
by an inscribed polygonal sector when the number of sides of 
its base is indefinitely increased in such a way that each side 
approaches zero as a limit. 

447. Theorem. The volume of a spherical sector is equal to 
the product of the area of the zone which forms its base by one 
third of the radius of the sphere, 

[Suggestion. This theorem is an immediate consequence of §§446 
and 446.] 

<, 448. Corollary. This theorem may be formulated 

vol. spherical sector = 2^ 'rh^^r 

if h denotes the altitude of the base of sector and r the radius of 
the sphere, 

449. Theorem. The volume of a sphere is equal to the 

product of the area of its surface by one third of its radius,^ 

[^Suggestion. This theorem is an immediate consequence of §447, 
since a sphere may be regarded as a spherical sector the altitude of whose 
base is the diameter of the sphere.] 

450. Corollary. This theorem may be formulated 

vol. of a sphere := ^wr^ 
if r denotes the radium of the sphere. 

What is the surface of a sphere whose volume is 1 cubic foot? 
What i8*the volume of a sphere whose surface is 1 square foot? 
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451. Theorem. The volume of a spherical segment is 
equal to half the sum of its bases multiplied by its altitude 
plus the volume of a sphere of which that altitude is the 
diameter. 




Given a sphere generated by the revolution of the semicircle 
EAF about its diameter EF and the spherical segment generated 
by the circular segment ABCD. 



To prove 






if V denotes the volume of the segment, r and r' the radii of its 
bosses, and h its altitude. 

Proof. 1. Draw OA and OB, 

2. The volume of the spherical segment equals the volume 
of the spherical sector generated by the circular sector GAB -f 
the volume of the cone generated by the triangle OBC — the 
volume of the cone generated by the triangle OAD. 

3. When this sum is computed in terms of r, r', and h we 
find v = l (irr'^ + ^r^)-\-i tt^V^ 



Applications of Theorems 

9 

223. The circumference of a sphere is C ; find its radius, surface, 
and volume. Answer the question when C = 10 ft. 

224.' The surface of a sphere contains iSi sq. ft.; find its radios and 
volume. Answer this question when S = 10 sq. ft. 
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226. The volume of a sphere is V; find the radius and surface. 
Answer this question when F = 10 cu. ft. 

226. What is the radius of a sphere if the area of its surface is 8 
sq. met. ? What is the radius of a sphere if its volume is 8 Cu. met. ? 

227. An equilateral triangle is circumscribed about a circle and 
the figure is revolved about an altitude of the triangle ; compare the 
surface of the cone generated by the triangle with that of the sphere 
generated by the circle. Compare the volumes of the two solids. 

228. A square is circumscribed about a circle and the figure is 
revolved about a diameter of the circle which joins the points of con- 
tact of opposite sides of the square. Compare the surfaces of the 
cylinder generated by the square and the sphere generated by the 
circle. Compare the volumes of these two solids. 

229. Compare the volume of a sphere with that of its circum- 
scribed cube ; with that of its inscribed cube. 

230. A sphere is inscribed in a regular tetrahedron whose edge is a; 
compare the*volumes of the two solids. 

231. A sphere is circumscribed about a regular tetrahedron whose 
edge is a ; compare the volumes of the two solids. 

f 232. A hemispherical boiler whose diameter is 4 ft. contains 
water to the depth of 20 in. Hpw many gallons of water does it 
contain ? 

vf' 233. What is the volume of the atmosphere, its depth being ^ of 
the radius of the earth ? 

234. Compare the volume of a sphere with that of its inscribed 
regular octahedron. 

Y236. A cube and a sphere have the same surface, 54 sq. ft. ; com- 
pare the volumes of the two solids. 

236. What is the area of a lune whose angle is 4° on a sphere of 
radius 88 ft.? 

— *^237. What is the area of a spherical triangle A, B, C on a sphere 
of radius 88 ft., if ^ = 70^ B = 80% C = 100°? 

238. A sphere whose radius is 4 ft. is cut by two parallel planes 
on the same side of the center and distant 2 ft. and 3 ft. from the 
center. Find : 

(1) the vol. of the spherical segment thus formed; 

(2) the area of the spherical surface of the segment. 

A 239. What is the area of a spherical quadrilateral the sum of 
whose angles is 420° 15' on a sphere whose radius is 10 ft. ? 
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SYMMETRY AND SIMILARITY 
SYMMETRY 

Symmetry with respect to a point. 

452; Definition. Two points A and B are symmetric with 
respect to a fixed point called the center of symmetry, if the 
line segment AB passes through and is bisected' at 0. 







453. Definition. Any two figures are S3rmmetric with respect 
to a center O when every point of one figure has its symmetric 
point in the other figure. 

454. Definition. A figure is symmetric with respect to a center 
O if it is its own symmetric figure with respect to ; that is, 
if every point of the figure has its symmetric point in the 
figure. 

EXERCISES 

240. Every circle and every sphere is symmetric with respect to 
its center. 

241. Two vertical spherical polygons are symmetric with respect 
to the center of the sphere. 
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Symmetry with respect to a 
plane. 

455. Definition. Two points A 
and B are symmetric with respect 
to a fixed plane m called the plane 
of symmetry, if the line segment 
AB is perpendicular to m and 
is bisected at its intersection 
with m. 

455 a. Definition. Two figures 
are symmetric with respect to a 
plane m when every point of one 
figure has its symmetric point in 
the other figure. 

455 h. Definition. A figure is 
symmetric with respect to a plane 

when it is its own symmetric 
figure with respect to the plane. 



^•0 




EXERCISES 

242. A sphere is symmetric with respect to any plane through its 
center. 

243. A cylinder of revolution is symmetric with respect to any 
plane through its axis. 

244. A cone of revolution is symmetric with respect to any plane 
through its axis. 



Symmetry with resi>ect to a line. 

456. Definition. Two points A and B 
are symmetric with respect to a fixed line / 
called the axis of symmetry, when the line 
segment AB is perpendicular to I and is 
bisected at its intersection with I, 

457. Definition. Two figures are sym- 
metric with respect to an axis when 



A\ 



\0 



Bi 
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every point of one figure has its sym- 
metric point in the other figure. 

458. Definition, A figure is sym- 
metric with respect to an axis if it is its 
own symmetric figure with respect to 
the axis. 

EXERCISES 

246. A sphere is symmetric with respect 
to any diameter. 

246. A cylinder of revolution is sym- 
metric with respect to its axis. 

247. A cone of revolution is symmetric with respect to its axis. 




SIMILAR FIGURES 




459. Definition. If each point A^ of a figure Fi be joined to 

OA 

a fixed point 0, and a point A^ be taken such that — — ^ equals 

\JJx2 

a constant number k, then the assemblage of points ^ is a figure 
F^ said to be homothetic to F^ with respect to the point 0. The 



ratio 



OA^ . 



OA, 



is called the homothetic ratio of F^ and 2^2- 



460. Definition. The figures F^ and F2 may be on the same 
or on opposite sides of and are said to be directly or inversely 
homothetic according as they are on the same or on opposite 
sides of 0. 

460 a. Corollary. Two figures inversely homothetic with respect to 
a point in the homothetic ratio 1 are symmetric with respect to (§ 453). 

461. Definition, If F^ and F2 are two homothetic figures 
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and Pj, Qi, R^ are any three points of F^ and Pj? Q2> ^2 their 
corresponding points of F2, the lines PiQi and P2Q2 and the 
lines QiRi and Q2-K2 are called corresponding lines and the angles 
PiQi^i and P2Q2-R2 are called corresponding angles. 

462. Theorem. In two homothetic figures corresponding 
lines are parallel and in a constant ratio^ the homothetic ratio 
of the figures. 




Given two figures F^ and F2 homothetic with respect to a fixed 
point ; any two points P^ and Qi of Fi and their corresponding 
points P2 And Q2 of F2J k the homothetic ratio of Fi and Fj. 

To prove 

1. PiQi II P2Q2. 

II. ^ = k. 

2. .-.PiQiis IIP2Q2. 

(If concurrent lines are divided proportionally by their .common point 
and two transversals, the transversals are parallel. ) 

II. 1. A OPiQi and OP2Q2 are mutually equiangular. 

(Why?) 

o . ^iQi_OPi_, 

^* • • ' .^^ ^ ^ _^ A/. 

P2Q2 OP2 

(In two mutually equiangular triangles homologous side are propor- 
tional.) 

463. Theorem I. The figure homothetic to a straight 
line is a straight line parallel to the first line; 
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IT. The figure homothetic to a plane is a plane parallel to 
the first plane. 




Proof. I. 1. Lines joining the points A^, Bi, C^ D^ ••• of a 
straight line, Zj, to a fixed point are coplanar. (Ex.- 4) 

2. The points A^y B^j C^, Z>2> ••• which divide the lines 0-4i, 
0-Bi, OCi, ODx, ••• in a constant ratio, so that 

OA^ OB2 OC2 OD/" ' 

all lie in a straight line, Zg, parallel to ^1. (Why ?) 




II. If Aj B, Cy D, '*' are points in a plane w, and is a 
fixed point without the plane, then the points A\ B! ^ (7, i>', ••• 
which divide the lines OA^ OB, OC, OD, ••• in a constant 
ratio all lie in a plane m' parallel to m. (Ex. 40 h) 

464. Corollary 1- Two homothetic angles are equal, 

465. Corollary 2. The figure homothetic to a plane polygon 
is a plane polygon. 
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466. Corollary 3. If a line I is perpendicular to a plane m, 
then the line homothetic to lis perpendicular to the plane homo- 
thetic to m, 

467. Corollary 4. The figure homothetic to a circle is a 
cirde and the centers are homothetic points. 

Show the theorem to be true whether the homothetic center is in 
the plane of the circle or without its plane. 

468. Corollary 5. Two homothetic dihedral angles are corir 
gruent. 

[Suggestion. The angle homothetic to any plane angle of one dihedral 
angle is a plane angle of the other dihedral angle.] 

• 469. Corollary 6. Two directly homothetic trihedral angles 
are congruent, 

470. Corollary 7. Two directly homothetic polyhedral angles 

are congruent, 

[^Suggestion. They can be divided into directly homothetic trihedral 
angles similarly placed.] 

EXERCISES 

248. Show that two triangles can be placed^ in the homothetic 
relation : 

(a) if they are mutually equiangular ; 
(h) if their corresponding sides are proportional ; 
(c) if they have an angle of one equal to an angle of the other and 
the including sides proportional. 

249. Show that two plane polygons can be placed in the homothetic 
relation if their homologous angles are equal and their homologous 
sides proportional. 

471. Definition. Two figures which can be placed in the 
directly homothetic relation are called similar figures. 

472. Definition, The ratio between two corresponding lines 
in two similar figures is called their ratio of similitude. It is 
equal to the homothetic ratio of the two figures. 

473. Theorem. In two similar polyhedrons correspond- 
ing faces are similar polygons and corresponding polyhedral 
angles are congruent. 
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Proof. 1. The two polyhedrons can be placed in the directly 
homothetic relation. (§471) 

2. Their corresponding faces are then directly homothetic 
polygons. (§ 466) 

.-. they are similar polygons. (§ 471) 

3. Also their corresponding polyhedral angles are directly 
homothetic figures and are therefore congruent. (§ 470) 

474. Theorem. Two similar convex polyhedrons can he 
divided into pyramids^ similar each to each^ and similarly 
placed. 

[^Suggestion. If the two solids Fi and F2 are placed in the homothetic 
relation, and one of them, Fi, is divided into pyramids by joiiling any 
point Si within ^1 to its vertices, then F2 can be divided into pyramids 
homothetic to those composing Fi by joining the point S2 corresponding to 
Si to the vertices of ^2-] 

475. Theorem. If two convex polyhedrons have the same 
nvmber of faces similar each to each and similarly placed^ 
and have their corresponding polyhedral angles congruent^ 
they are similar. 

Proof. 1. Let F^ and F2 be two convex polyhedrons with 
their corresponding faces similar and similarly placed and their 
corresponding polyhedral angles congruent ; then a polyhedron 
F^ can be constructed directly homothetic to F^ with the ratio 
of similitude equal to that of two corresponding faces of Fy^ and 
F2. (Why ?) 

2. Then Fi and F^ have their corresponding faces similar and 
their corresponding polyhedral A congruent. (§ 478) 

3. .-. F2 and F^ have their corresponding faces congruent, 
their corresponding polyhedral A congruent, and their corre- 
sponding parts similarly placed. (Why ?) 

4. Place F2 on F^ so that any face A2B2C2D2E2 ••• of F2 coin- 
cides with its corresponding face A^B^CzD^E^ ••• of F^ and so 
that F2 and F^ are on the same, side of their common face. 
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2 ••• 



Denote the second face of F^ through A2B2 by ^2^2^2-^2^s 
and the second face of F^ through A^B^ by A^B^G^H^I^ •••. 

5. A plane ± A^B^ will cut the dihedral Z A2B2 in a plane 
Z and the dihedral Z A^B^ in a plane Z. (§ 109) 

6. Since these dihedral A are equal, being corresponding A 
of equal polyhedral A, their plane A are equal. (§ 113) 

7. Since these two equal plane A lie in the same plane, have 
a common vertex and a common side, and lie on the same side 
of their common side, they coincide. (§ 28) 

8. .-. the plane of A^B^G^B^J^i ••• coincides with the plane of 
A,B,0,HJ, .... (§ 37) 

• 

i9. Since the equal AA2B2G2 and A^B^G^ lie now in the 
same plane, have a common vertex and a common side, they 
coincide. (§ 28) 

10. In like manner it can be shown that each remaining side 
of A2B2G2H2I2 ••• will coincide with its corresponding side of 
A^B^G^H^I^ ... and the polygons will coincide throughout. 

11. In like manner it can be shown that each remaining face 
of F2 will coincide with its corresponding face of F^, and the 
polyhedrons will coincide throughout. 

12. .-. Fi and F2 are similar. (§ 471) 

476. Theorem. The ratio of the areas of the surfaces of 
similar polyhedrons is the square of their ratio of similitude. 

Proof. 1. Let Fi and F2 denote two similar polyhedrons, mi, 
ma, «i3, ••. the areas of the faces of JP\ and mi', twj', mg', ... the 
areas of the corresponding faces of JP'gj ^^^ ^ the ratio of simili- 
tude of Fi and 2^2- Then 

m/ mj' m^ 

(The ratio of the areas of two similar polygons is the square of their 
ratio of similitude.) 
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A, . . ; ; — A/ . 

m/ + m2 -l-ma ••• 

(In a continued proportion the sum of the antecedents is to the sum of 
the consequents as any antecedent is to its consequent.) 

That is, 

area of surface of i<\ _ ^^ .^^^ ^^^. 



area of surface of F^ 



2 



477. Theorem. The ratio of the volumes of two similar 
pyramids is the cube of iheir ratio of similitude. 

Proof. 1. Let Pi and Pj denote the pyramids; v^ and Vj 
their volumes ; h^ and h^ the areas of their bases ; h^ and h^ their 
altitudes ; k their ratio of similitude. 

2. Then 

3. But the altitudes are corresponding lines (§ 466) 
and the bases are similar polygons. (§ 466) 

4. .-. ^ = A; (§ 462) 

^2 

and ^ = k\ 



b 



2 



(The ratio of the areas of similar polygons is the square of their ratio 
of similitude.) 

V2 ^2 ^2 

478. Theorem. The ratio of the volumes of two similar 
convex polyhedrons is the cvhe of their ratio of similitude. 

Proof. 1. Let F^ and F2 be two similar convex polyhedrons 
and let them be placed in the homothetic relation. (§ 471) 

2. Then let F^ be divided into pyramids by joining any 
point Si within Fi to its vertices. 
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3. F2 can be divided into pyramids homothetic to those of 
F^ by joining S2, the corresponding point of ^Si, to the vertices 
of JF'j. 

4. The altitudes of corresponding pyramids will be corre- 
sponding lines. (§ 466) 

5. .-. their ratio is the ratio of similitude of F^ and jP'j. (§ 472) 
Denote this ratio by k. 

6. If Vj, V2> ^3* ••• denote the volumes of the pyramids of F^ 
and v/, V2, V3', ••• the volumes of the corresponding pyramids 
of F2, then, 

(§477) 



Vi V2 < 



I • • • ^~i ~ ~ ^— #v • 

Vi -^ V2 -h v^' -\ 

(In a continaed proportion the sum of the antecedents is to the sum of 
the consequents as any antecedent is to its consequent.) 

8. That is, 

^2L?l = A:8. (§36, VIII) 

vol. Jp; ^ ' ^ 

479. Theorem. Two right circular cylinders are similar 
if their altitudes have the same ratio as the radii of their 
bases. 








Given Ci and C^ two right circalar cylinders; r^ and Tj the radii 

h r 

of their bases ; h^ and h^ their altitudes ; and — = -^ • 
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To prave Ci mid C^ are similar. 

Proat. 1. Place Ci and O2 with the planes of their lower 
bases in coincidence and with the centers of these bases ^in 
coincidence at O ; (§ 6, V, 8) 

then their axes OAi and OA2 will lie in the same line ; (§91) 
the planes of their upper bases will be II ; . (§ 100) 

and their elements and axea will be II. (§ 61) 

2. Draw any radius OBi, of the lower base of Ci ; it will 
intersect the circumference of the lower base of G» in some 
point ^2. (§§32; 30) 

Pass a plane m through OAi and OBi, (§37) 

3. Plane m will contain the element BiB/ of Ci and the ele- 
ment B2B2' of C2. (§ 38) 

4. Plane m will intersect the planes of the upper bases of 
Ci and C2 in lines A^Bi and -42^2' respectively ; (§ ^1) 
and A,B,' will be II A^B^', ' (§ 72) 

6. The line joining to B2' will pass through 5/. (Why ?) 

6. .*. the radii A^Bi and -42^2' are directly homothetic line 
segments with respect to the point 0, and their homothetic 

ratio is li or ^. . (Why?) 

7. .'. the rectangles OB^B/Ai and OB2B2A2 are directly 
homothetic with respect to 0. (§ 469) 

8. If the plane m be revolved about the line OAi as an axis, 
the rectangle OB^B^Ai will generate the cylinder Ci and the 
rectangle OB2B2A2 will generate the cylinder Cg. (Why ?) 

9. .-. Ci and Cj are directly homothetic with respect to the 
point 0. (§ 469) 

10. .*. Ci and C2 are similar. (§ 471) 

480. Corollary 1. The ratio of the areas of the cylindrical 
surfaces of two similar right circular cylinders is the square of 
their ratio of similitude. 
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Proof. Let the lateral surfaces of the cylinders be Sj and Sg; 
their altitudes ^i and hz; the radii of their bases rj and rj*, 
their ratio of similitude k. 

Then 

? = |-V^ (§290) 

= ?Ji.^ = A:2. (§472) 

481. CorollarV 2. !7%e ratio of tlie volumes of tioo similar 
right circular cylinders is the cube of their ratio of similitude. 

482. Theorem. Two right circular cones are similar if 
their altitudes have the same ratio as the radii of their bases. 




Given Ci and C2 two right circular cones ; r^ and r^ the radii of 

h r 

their bases ; ^1 and K theit altitudes ; and -^ = -^- 

' K r^ 

To prove Ci and C^ are similar. 

Proof. 1. Place Oi on O2 with the planes of their lower 
bases in coincidence and with the centers of these bases in 
coincidence at O ; (§ 6, V, 3) 

then their axes OAi and OA2 will lie in the same line. (§ 91) 

2. The plane m determined by the line AiO and any element 
A^Bi of (7i will cut the base of d in line OBi ; (§ 61) 

OBi will cut the circumference of the base of C2 in some point 
B2. (§§32; 30) 
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3. .*. m will contain the element -42^2 of ^2- (§ 5, II, 3) 

4. Since by hypothesis -— -^ = -— i, the lines A^Bi and A2B2 

OAj^ OB2 

are 11. 

(If two intersecting lines are divided proportionally by their common 
point and two transversals, the transversals are parallel. ) 

6. .'. the line segments AiBi and A2B2 are directly homo- 
thetic figures with respect to the point 0; and their homo- 

thetic ratio is ^ or ^. (Why ?) 

ra ^2 

6. .'. AAiOBi and A2OB2 are directly homothetic with re- 
spect to the point 0. (§ 469) 

7. If the plane m be revolved about OAi as an axis, A AiOBi 
will generate the cone (7i and AA2OB2 will generate the 
cone Gj. (Why ?) 

8. . •. Ci and C2 are directly homothetic with respect to 0. 

(§ 469) 

9. .•. Ci and C2 are similar. (§471) 

483. Corollary 1. The ratio of the areas of the conical sur- 
faces of two similar right circular co7ies is the square of their 
ratio of similitude, 

484. Corollary 2. The ratio of the volumes of two similar 
right circtdar cones is the cube of their ratio of similitude, 

485. Theorem. Any two spheres are similar solids. 

Proof. 1. Let the spheres be Si and S2 with radii r^ and rj 
and let them be placed with their centers in coincidence at the 
point 0, 

2. If any point Pi on the surface of Si be joined to O, the 
half-line OPi will cut the surface of S2 in some point Pj* 

(§§346; 30) 



2 ^2 

4. Similarly, if any point JfTj of the surface of S2 be joined 



wri' (^'"'^^ 
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to 0, the half-line OK^ will cut the surface of Si in some point 
Ki and 

5. .'. the two spheres are directly homothetic with respect 
to the point 0. (§ 469) 

6. .-. the two spheres are similar. (§471) 

CoROLLARr 1. The ratio of the surfaces of two spheres is the 
square of their ratio of similitude. 

Corollary 2. TTie ratio of the volumes of two spheres is the 
cube of their ratio of similitude, 

EXERCISES 

260. How is the volume of a cylinder affected when the radius of 
the cylinder is doubled? When its altitude is doubled? When both 
the radius and the altitude are doubled ? 

261. If the volume of a cylinder is 20 cu. ft., what is the volume 
of a similar cylinder whose altitude is twice that of the given 
cylinder ? 

262. Two right circular cylinders are similar: the first has for 
radius 3 ft. and for height 5 ft. ; the second has for total surface 12 tt 
sq. ft. What are the dimensions of the second cylinder ? 

263. If a right circular cone is cut by a plane parallel to its base, 
compare the volume of the cone thus cut off with that of the entire 
cone. 

264. The surface of a sphere is 36 sq. ft. What is the surface of 
a sphere whose radius is one third that of the given sphere ? 

266. Can two spherical triangles in the same sphere be similar? 
Under what conditions would two spherical triangles on different 
spheres be similar? 

256. The mean radius of the earth is about 3956 miles and that of 
the moon is about 1080 miles. Show that the volume of the earth 
is about 49 times that of the moon. 

267. The sun's diameter is about 109 times that of the earth. 
Compare their volumes. 



APPENDIX 

RATIONAL AND IRRATIONAL NUMBERS 

The only numbers that mathematicians at first recognized 
were positive integers. Since the sum of two positive integers 
is a positive integer, the operation of addition required no new 
numbers, but the inverse operation of subtraction gave occa- 
sion for the introduction of the system of negative numbers to 

define the operation 

a — b 

when b is greater than a. 

Since the product of two integers is an integer, the opera- 
tion of multiplication required no additional numbers, but the 
inverse operation of division gave occasion for the introduc- 
tion of the system oi fractions to define the operation 

a-i-b 
when b is greater than a. 

Since any power of a number is a continued product, the 
operation of involution required no new numbers, but the 
inverse operation of evolution gave occasion for the introduc- 
tion of two new systems : 

1. Trrationcd numbers to define the operation 

■Va 

when there is no integer or fraction whose nth power is a; 

2. Imaginary numbers to define the operation 

■\/— a 
when n is an even number and a is a positive number. 

1. Definition, Any number which can be exactly expressed 

by an integer or by a fraction whose numerator and denomi- 
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nator are integers is called a rational number. For example, 
2, f, .05, .3, .13. 

2. Properties of rational numbers. 

1. Rational number is ordinal. That is, if a, 6, c, d, •••are 
any rational numbers, they have a known order of magnitude. 

2. Rational number is dense. That is, if a and b are any 
two rational numbers, however near together, there is a rational 
number between a and 6.^ 

3. Rational numbers represented graphically by points. If on 
a line I a fixed point is taken and any convenient unit U is 

chosen, then any rational num- — , * 2 i ■']'»■ j '' 1 — 

ber a can be represented by a j a 5 ? 

point on I. Namely, if a is an integer m and the unit Vis laid 
off from m times (to the right if m is positive, and to the 
left if m is negative), then a point Pj is found which may be 

regarded as representing the integer m ; if a is a fraction - 

ill 

and one nth of U is laid off from Or times to the right or left ac- 

cording as - is positive or negative, then a point Pj is found 
n 

r 
which may be regarded as representing the fraction - • 

n 

4. Definition. A number which cannot be exactly expressed 
by an integer or by a fraction whose numerator and denomina- 
tor are integers is called an irrational number. 

We will now consider a definition of an irrational number 
which reveals its nature more exactly than the above definition. 

5. Nature of the separation of rational numbers by a rational 
number. The number 5 separates rational numbers into the 
classes: (1) rationals less than 5; (2) rationals greater than 
5 ; (3) the number 5 itself. Call the first class Ci and the 
second class C2. 

1. Every number in Ci is less than every number in Cjj. 

1 This axiom states in effect that between a and b there are any number 
of rational numbers. (Compare §§ 5, 1, 3 and 11.) 
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2. There is no greatest number in Cj and no least number 
in Cj. For if rii is a rational number less than 5, there is a 
rational number between 5 and Wi ; and if Wj is a rational num- 
ber greater than 5, there is a rational number between 6 and 
n, (A, § 2, 1). 

The number 5 may be put either with the class Ci or with 
the class Cj. If 5 is put with the class Ci and we call the 
class Ci + 6 the class C/, then 5 may be regarded as separating 
all rational numbers into the two classes : Ci, nationals greater 
than 5, and C/, rationals not greater than 5. The number 5 
is the greatest number in the class Ci'. 

If 6 is put with the class C2 and we call the class C2 4- 5 the 
class G29 then 5 may be regarded as separating all rational 
numbers into two classes : Ci, rationals less than 5, and C^', 
rationals not less than 5. The number 5 is the least number 
in the class C2'. 

6. Nature of the separation of rational numbers by an irrational 
number. There is a separation of rational numbers unlike 
that made by any rational number such as 5. 

Consider the separation of rational numbers by V5. Ther^ 
is no rational number whose square is 5. The square of every 
rational number is less than 5 or greater than 5. Therefore if 
we assign to one class Ai negative numbers, 0, and all positive 
rational numbers whose squares are less than 5, and to a 
second class A2 all other rational numbers, we shall have 
separated all rational numbers into two classes Ai and A2 
which have the following properties: 

1. Every number in Ai is less than every number in A2, 

2. There is no greatest number in Ai and no least number 
in A2* For if a is a number whose square is less than 5, there 
is a number greater than a whose square is less than 5 ; and if 
a is a number whose square is greater than 5, there is a num- 
ber less than a whose square is greater than 6.^ 

1 Proof. Assume ^2 <- 5, 

The problem now is to find a positive rational number d, such that 
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The only difference between this separation of rational num- 
ber and that made by the rational number 5, is that here there 
is no third class corresponding to the class consisting of the 
rational number 5 itself. For all rational numbers are included 
in the two classes Ai and A2. 

Accordingly the symbol V5 is said to denote an irrational 
number which has the same relation to the classes Ai and A2 
that the number 5 has to the classes (7i and C2 ; that is, it is 
the one number which lies between the classes Ai and ^; 
which is greater than every number in A^ and less than every 
number in A2. 

7. Definition of an irrational number. An irrational number 
a is defined whenever a law is stated by which all rational 
numbers are separated into two classes Ai and A2 such that : 

(1) every number in Ai is less than every number in A2 and 

(2) there is no greatest number in Ai and no least number in 
A2, The irrational number a is then the one number which 
lies between the classes Ai and -^2, which is greater than every 
number in Ai and less than every number in A2. 

8. Definition. The system of rational numbers and the 
system of irrational numbers constitute the system of real 
numbers. 

9. Definition of a real number. If in accordance with any 
law all rational numbers are separated into two classes Ai and 

(a + dy < 5, 
or a2 -h 2 ad + ^2 < 5, 

or 2ad + cP<^-d^. 

Since we can make d as small as we please, we can make 2 ad less than 
any positive rational number however small, and therefore less than the 
number 6 — a^. 

If now 2ad-{- d^ is not less than 5 — a^, then we have only to find a 
new number, du smaller than (2, and such that 2 adi is less than the num- 
ber 5 — a^ — (P. Then 2 adi + di^ will be less than 6 — a^ and' therefore 

(a + di)2<6. 

Similarly it can be shown that if ai^>6, a rational number can be 
found less than ai whose square is greater than 6. 
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A2 such that every number in Ai is less than every number in 
A2, then a real number a is defined by this separation. 

1. If Ai has a greatest number or A2 has a least number, 
then a is that greatest or least number and is rational 

2. If Ai has no greatest number and A2 has no least num- 
ber, then a is the irrational number which lies between Ai and 
A, (A, § 7). 

10. Definition. In^ the first case when Ai has a greatest 
number or A2 has a least number, then this greatest or least 
number is said to be defined by the separation because it is dis- 
tinguished from all other rationals by the separation. 

For example, if we assign to one class Ai all negative numbers, 0, 
and all positive proper fractions, and to another class A 2 all other 
rationals, then there is no greatest number in At, but 1 is the least 
number in A 2* If we remove the class Ai, there will be left the class 
A 2 with 1 as its least number. The number 1 is thus singled out from 
all other numbers. 

The infinite increasing sequence of numbers 

rt 1 2 3 n-1 
2 3 4 n 

no number of which is greater than 1, may be regarded as determining 
a separation of rational numbers into two classes, Ai rationals which 
are exceeded by numbers of the sequence, and A 2 rationals which 
are exceeded by no number of the sequence. Since the sequence is 
endless, there is no greatest number in Ai, but the number 1 is the 
least number in ^^ The sequence is therefore said to define the num- 
ber 1. 

The infinite decreasing sequence of numbers 

,111 1 
2 3 4 n 

no one of which is negative, may be regarded as determining a sepa- 
ration of rational numbers into the two classes, A^ rationals which ex- 
ceed numbers of the sequence and Ai rationals which exceed no 
number of the sequence. Since the sequence is endless, there is 
no least number in A2, but is the greatest number in Ay The 
sequence may therefore be said to define the number 0. 

11. The equality and inequality of real numbers. 
Definitions. 1. Two irrational numbers a and b are equal; 
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if every rational which is less than a is also less than h and 
every rational which is greater than a is also greater than 6. 

2. a is greater than h if some of the rationals which are less 
than a are greater than h ; and h is then less than a. 

3. a is less than 6 if some of the rationals which are greater 
than a are less than b ; and h is then greater than a. 

4. Any rational number a is less or greater than a given 
irrational number h according as it belongs to the class of 
rationals less than h or to the class of rationals greater than h. 

12. Properties of real numbers. The following properties of 
real numbers are an immediate consequence of the preceding 
definitions and A, § 2 : 

1. Real number is ordinah That is, if a, 6, c, (Z, ••• are any 
real numbers, they have a definite order of magnitude. (Com- 
pare A, § 6.) 

2. Real number is dense. That .is, if a and h are any two 
real numbers, there is a real number between a and 6. (Com- 
pare A, § 5, and § 2, 2.) 

There are rational numbers between any two irrational num- 
bers and between any irrational and any rational number. 

3. If a is any given real number, then all real numbers may 
be separated into two classes Ri and jRj, such that Ry contains 
all real numbers less than a, and R^ contains all real numbers 
which are greater than a. The number a may be regarded 
either as belonging to i?i, in which case it is the greatest num- 
ber in i^i ; or as belonging to R2, in which case it is the least 
number in R^. (Compare A, § 6, and § 6, 1.) 

4. If in accordance with any law all real numbers are 
separated into two classes R^ and i?2> such that every number 
in Ry is less than every number in R2, then there is either 
a greatest number in Ri or a least number in R2y bat not both. 
(Compare A, § 6, 2.) 

For a separation of all real numbers into the two classes R^ and R^ 
separates all rational numbers into the two classes A^ and A^] A^ 
including all rationals in /?p and A^ including all rationals in R^ 

Every number in ^^ is less than every number in A^ 



APPENDIX 191 

Therefore this separation of rational numbers defines a real num- 
ber a which is rational if there is a greatest number in -4 ^ or a least 
number in A^^ and which is irrational if there is no greatest number 
in A^ and no least number in ^2 ^^1 § ^)- 

If a is rational and is the greatest number in A^^ then it is the great- 
est number in R^\ for were there a number in jR^ greater than a, there 
would be rationals in R^ between it and a (A, § 12, 2), that is, rationals 
in ^1 greater than a, which is contrary to the hypothesis, and there- 
fore impossible; in like manner if a is the least number in -^g, it is 
the least number in R^ 

If a is irrational; that is, if there is no greatest number in A^ and 
no least number in A^ and a is the irrational number between A^ and 
A^, then a must belong to R^ or R^ for R^ and i?2 include all real 
numbers. If a is in R^, it is the greatest number in R^, for were there 
a number in R^ greater than a, there would be rationals between it 
and a (A, § 1 1, 2), that is, rationals in ^^ greater than a, which is con- 
trary to the hypothesis that a is between A^ and A 2 and is, therefore, 
greater than any number in A j. 

If a is in R^j then it must be the least number in R^, for were there 
a number in R^ less than a, there would be rationals between it and a 
(A, §11, 2), that is, rationals in A^ less than a, which is contrary to 
the hypothesis that a is between A^ and A^, and therefore less than 
any number of A 2- 

There cannot be both a greatest number in R^ and a least number 
in R^, for then there would be rationals between these two greatest 
and least numbers (A, § 1 1, 2), that is, there would be rationals between 
A^ and A^ which is contrary to the hypothesis that A^ and A2 include 
all rational numbers. 

13. Operations with real numbers. Let a and b denote any 
two given real numbers, and let Ai denote the class of rationals 
less than a, A2 the class of rationals greater than a, B^ the 
class of rationals less than b, and B2 the class of rationals 
greater than b, 

1. Addition. Definition of the sum of a and b, that is, of the 
number denoted by a-\-b. 

Assign to the class C^ every real number c, such that a 
number a^ of A^ and a number h^ of B^ can be found whose 
sum a^ -|- b^ is equal to or greater than c^, and assign to a 
class C^ every other real. Every number in C^ is less than 
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every number in C^, There is no greatest number in C^, and 
therefore there must be a least number in C^ (A, § 1 2, 4). This 
number is defined to be the number a-\-h, 

2. Definition of — a. Assign to a class C^ every real num- 
ber Cp such that — c^ is a number of A^, and assign to a class 
C^ every other real. Every number in C^ is greater than 
every number in C^, There is no least number in C^, and there- 
fore there must be a greatest number in C^ (A, § 12, 4). This 
number is defined to be the number — a. 

3. Subtraction. The number which is the result of sub- 
tracting b from a, that is, the number denoted by a — b, is 
defined to be the number a + (— b), 

4. Multiplication. (1) Definition of the product of a and ft, 
that is, of the number denoted by ah. 

Assign to a class C^ every real number c^, such that a num- 
ber a^ of A^ and a number b^ of B^ can be found whose product 
a^^ is equal to or greater than c^, and assign to a class C^ every 
other real. Every number in C^ is less than every number 
in Cg. There is no greatest number in (7^, and therefore there 
must be a least number in C^. This number is defined to be 
the number ah. 

(2) a (— h) is defined to be — aft ; (— a)b is the same. 

(3) (— a)(— ft) is defined to be ah. 

(4) a • is defined to be ; • a is the same. 

6. Definition of - when a denotes a positive number. Assign 

to a class C^ every rational number c^, such that — is a number 

of A^y and assign to a class C^ every other rational. Every 
number in C^ is greater than every nufaber in C^. This separa- 
tion therefore defines (A, § 9) a real number, either rational 

or irrational. This number is defined to be the number -• 

^ a 

6. Definition of • If a denotes any given positive 

1 r^ 1 

number, then is defined to be the number • 

— a . a 
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7. Division. The quotient when a is divided by 6, that is, 
the number denoted by - is defined to be the number a • - • 

Representation of an irrational number. 

14. Ap]^qximate value of V2. If we apply to V2 the usual 
process of obtaining the square root of a number, we find:^ 

1 <V2<2 

1.4 <V2<1.5 
1.41 <v'2<1.42 
1.414 <V2< 1.415 
1.4142 < V2 < 1.4143 



Therefore, 1 is called an approximate value of V2 too small 
by less than 1 ; 1.4 is an approximate value too small by less 

than — ; 1.41 is an approximate value too small by less than 
T-^, and so on. In like manner 2, 1.5, 1.42, 1.415, 1.4143 are 
approximate values of V2 too large by less than 1, — , -— , 

iO'' 10^' 

(a) Representation of V2 by a non-terminated deoimdl, de- 
noting a sequence of approximate values. We write 

V2 = 1.4142, ... 

and denote by the non-terminated decimal 1.4142 ... that the 
sequence of rational numbers 

1, 1.4, 1.41, 1.414, 1.4142, ... (1) 

are approximate values of V2 too small by less than 1, 

A JL Jl- J_ 
10' 102' 103' 10*' '"' 

1 This process of finding the square root of a number is simply a device 

for finding conveniently between what multiples of — the number V2 
lies when n has any positive integral value. ^"** 
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(b) This sequence of approximate values is endless or infi- 
nite, that is, each number of the sequence is followed by another 
number of the sequence. The sequence is said to be known, 
because while we cannot complete the sequence, we can, in 
accordance with the method of finding the squaje root of a 
number, find the nth number of the sequence if n denotes any- 
given positive integer. That is, we can find between what 

successive multiples of — - the number V2 lies, and thus find 

10» 

an approximate value of V2 expressed in the decimal notation 

with n decimal places in it, and smaller than V2 by less 

than — . 
10» 

(c) Since we can make n as large as we please, we can make 
as small as we please, and we can, therefore, find a number 



10» 

of the sequence (1) which differs from V2 by less than any 
assigned positive number d, however small, and every subse- 
quent number of the sequence will differ from V2 by less 
than d, 

(d) Therefore, if b is any number less than V2, we can find 
a number of the sequence which exceeds b because we can find 

a number of the sequence which differs from V2 by less than 
V2-6. 

(e) The sequence (1) may be said to determine a separation 
of rational numbers into two classes ; (1) rationals which are 
exceeded by numbers of the sequence ; (2) rationals which are 
exceeded by no number of the sequence. It has been shown 
that rationals which are exceeded by numbers of the se- 
quence are every rational less than V2. The rationals which 
are exceeded by no number of the sequence are every rational 
greater than •\/2, for every number of the sequence is less than 
V2. But this is the separation of rational numbers which 
defines the number V2, and therefore the sequence is said to 
dejine V2 (A, § 9). 
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15. The sequence 

2, 1.5, 1.42, 1.415, 1.4143, ... (2) 

also determines a separation of rational numbers into two 
classes : (1) rationals which exceed numbers of the sequence ; 
(2) rationals which exceed no number of the sequence. Ra- 
tionals which exceed numbers of the sequence are every rational 
greater than V2 (Why?) ; and rationals which exceed no num- 
ber of the sequence are every rational less than V2 (Why?). 
But this is the separation of rational numbers which defines 
V2 and therefore the sequence (2) is said to define V2. 

The preceding discussion illustrates the truth of the follow- 
ing: 

16. Theorem. Any irrational number a can he defined 
by an infinite sequence of approximate values of a, 

a^, aj, a2, •••, 

which differ from a by less than 1, — , — -, — • 

Proof. Denote the two classes into which a separates 
rational numbers by A^ and A^'^ Ai including all rationals less 
than a, and A2 including all rationals greater than a. 

Since a is irrational, no one of the multiples of 



10' 



-3 -2 -1 



• • • 



9 TTvTJ 



y TT^.O, 



10«' 10"' 10»' ' lO'*' 10«' 10»' 



is equal to a. Every multiple of — is either greater than a 

or less than a. Since multiples of - — can be found greater 

10» 

than any given positive number, m, however large, and conse- 
quently multiples less than — m, it is obvious that there are 

multiples of — in the class A^ and also multiples in the 
class A., 
Denote the largest multiple of — - in the class Ai by — ; 

1 . k -1-1 

then the smallest multiple of — - in the class A^ will be ^"T . 

^ 10» 10* 
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Therefore 

<a< ^ 



Therefore — - is an approximate value of a smaller than a 

1 k 

by less than - — . Denote — by a^. 

By repeating this process for n = 0, 1, 2, 3, ••• we can find 
any number of approximate values of a, 

<*o> <*i> «2> ^9 •••> 

111 

which differ from a by less than 1, -—, — — , -—, •••. 

^ 10 10* w 

By repeating the reasoning of (A, § 14) it can be shown : 

1. A number of the sequence can be found which differs 
from a by less than any assigned positive number, cZ, however 
small, and every subsequent number of the sequence differs 
from a by less than d ; 

2. Therefore if b is any rational number less than a, a num- 
ber of the sequence can be found which exceeds b, and every 
subsequent number of the sequence exceeds b. 

Therefore the sequence may be said to determine a separa- 
tion of all rational numbers into two classes : (1) rationals ex- 
ceeded by numbers of the sequence, which are all rationals less 
than a; (2) rationals exceeded by no number of the sequence, 
which are all rationals greater than a. The sequence is there- 
fore said to define a (A, § 9). 

17. The sequence a^, a„ ag, 03, ••• is in general represented by 
one number of the sequence, a^ written as a non-terminated 
decimal. For example, -rr = 3.14159 •••. 

18. In like manner it can be shown that a is defined by the 
sequence Oo + 1, «i+j^, <^ + Jq^» ^"*'io«'"** 

19. Note. It may easily be seen that without affecting the 
validity of the proof of (A, § 16) we may in the discussion sub- 
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stitute for the numbers — , —2^ Tns' "' ^^^ numbers U^, JE^, J^g, 

... if -E'p U^ -Eg, ... denote an endless sequence of numbers 
whicli define the number (A, § 10). 

Thus any number of sequences of approximate values of an 
irrational number a may be obtained which define a. But it is 
obvious from the nature of the proof of A § 16 that there is 
only one such sequence of decimal fractions which are smaller 

111 

than a by less than 1, -r^, -r^, -rrz, ... ; that is, that a can be 

10 10 10 

represented by only one non-terminated decimal expressed to n 
decimal places and smaller than a by less than ttt • 



VARIABLES 
If in the discussion of (A, § 16) we let x denote the approxi- 
mate value of a, smaller than a by less than — , then the 

•^ 10» 

sequence of numbers a^, aj, Og, ag, ••• are called different values 
of X corresponding to the values 0, 1, 2, 3, ••• of n. 

Because in this discussion x and n have different values 
they are called variables. Because when any integral value 
has been assigned to w, a corresponding value of x can be 
obtained, n is called an independent variable and x a depend- 
ent variable. 

20. Definition. A variable is a quantity which has different 
values during a discussion ; a constant is a quantity which has 
but one value during the discussion. A variable to which 
values are arbitrarily assigned is called an independent variable. 
If a variable n is so related to another variable x that when 
the value of n is known a corresponding value of x can be 
obtained, then a? is a variable dependent on n. 

It was shown (A, § 16) that if a^, aj, aj, ag, ••• is an infinite 
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sequence of approximate values of the irrational number a, 
which differ from a by less than 1, — -, -— , — — , •••, and d is 

any given positive number however small, then a number a„ of 
the sequence can be found such that-a„ and every subsequent 
number of the sequence differs from a by less than d. This is 
expressed by saying that a is the limit of the sequence of 
numbers. 

21. Definition, Limit of a variable. If p^, po, Pz, —, p^y ••• is 

the infinite sequence of values which a variable x assumes, and 
if a number a exists such that (a — x) will eventually become 
and remain numerically less than any assigned positive number, 
dj however small, then a is the limit of x. 

22. Corollary 1. If a variable x will eventually become and 
remain numerically less ,than any assigned positive number, d, 
however small, it approaches the number as a limit; and 
conversely. 

For example if x takes in succession the infinite sequence of values, 

.111 
^' 2' 3' " ' n' '"' 

it will approach as a limit. For the difference between x and is - 

n 

when X equals the nth number of the sequence, and as n is indefinitely 

increased this difference eventually becomes and remains less than 

any assigned positive number </, however small. 

In like manner if x takes in turn the infinite sequence of values, 

1 1 1 11 

it will approach as a limit. 

23. Corollary 2, If a variable x approaches a fixed number 
a as a limit, then the difference & — x will approach as a limit; 
and conversely. 

24. Note. It is obvious from the definition of the limit of 
a variable that a variable can have but one limit. 
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25. Theorem. If a variable x asBumes in sitccesaion an 
infinite sequence of real values^ a^, a^^ ag, •••, a^, ••• which con- 
tinually increase, but remain less than some fixed number A, 
then X approaches a limit which is greater than any number 
of the sequence. 

[In order to prove this theorem, we shall prove : (1) the sequence 
determines a separation of all real numbers into two classes, R^ and 
/^g, such that every number in R^ is less than every number in R^ ; 
(2) the real number defined by this separation (A, § 12) is the limit 
of a: (A, §21).] 

Proof. 1. Since the numbers of the sequence continually in- 
crease and no number of the sequence exceeds A, then all real 
numbers can be separated into two classes : (1) J?i, real num- 
bers which are exceeded by numbers of the sequence ; (2) R^, 
real numbers which are exceeded by no number of the se- 
quence. 

Every number in R^ is less than every number in i^g- 
Since every number of the sequence is followed by another 
number of the sequence there is no greatest number in Ry, and 
therefore there must be a least number a in R^. (A, § 12, 4) 

2. We will now prove that a is the limit of x. 

If d is any positive number, however small, then a — d is a 
number which x will ultimately exceed, since it is a number 
less than a and therefore is a number in the class i^j. 

If a„ is a value of x greater than a, — d, then, since x contin- 
ually increases, for every succeeding value of x, a„+i, a^^g? ••• 
the difference between a and x is less than d. 

Since the difference between x and a eventually becomes and 
remains numerically less than d, a is the limit of x. (A, § 21) 

3. Since a is the least number in R2, it is greater than every 
number of the sequence. 

For example : 

1. If a: assumes in succession the infinite sequence of values, 

it continually increases and remains always less than 1. The varia- 
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ble X approaches 1 as a limit. For the difference between x and 1 is 

- when X equals the nth number of the sequence, and - eventually be- 
n n 

comes and remains less than any assigned positive number rf, as n is 

indefinitely increased. (A, § 23) 

2. If X assumes in succession the infinite sequence of approximate 

values of V2, 

1, 1.4, 1.41, 1.414, 1.4142, .., (A, § 14) 

it continually increases but remains always less than any number, 2, 
of the sequence 

2, 1.5, 1.42, 1.415, 1.4143, .... 

The variable x approaches V2 as a limit. (A, § 21) 

3. If X assumes in succession the infinite sequence of approximate 
values of the irrational number a of (A, § 16), 

Aq, flp flj, flg, •••, 

it continually increases but remains always less than any number, 
Aq + 1, of the sequence 

and approaches the number a as a limit. (A, § 21) 

26. Theorem. If a variable x assumes in succession an 
infinite sequence of real values a^, a^^, a^^ •••, a^^ -•> which con- 
tinually decrease^ but remain greater than some fixed number 
-A, then x approaches a limit which is less than every number 
of the sequence. 

The proof, which is similar to that of the preceding theorem, 
is left as an exercise for the student. 
For example : 

(1) If X assumes in succession the infinite sequence of values, 

1» h h i» **•» 

it continually decreases but remains always greater than 0. The 
variable x approaches as a limit. (A, § 22) 

(2) If X assumes in succession the infinite sequence of approxi- 
mate values of y/2, (A, § 16) 

2,1.5, 1.42,1.415,1.4143, -.., 
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it continually decreases but remains always greater than any number, 
1, of the sequence 

1, 1.4, 1.41, 1.414, 1.4142, .... 

The variable x approaches V^ as a limit. (A, § 21) 

(3) If X assumes in succession the infinite sequence of approximate 
values of the irrational number a of (A, § 16), 

.1 .1 .1 .1 



• • • . 



10' *"ia^' *"io«' ' 

it continually decreases but remiuns alwayis greater than any number. 
a^ of the sequence 



%t «!» ^2' "8> 



The variable x approaches the number a as a limit. (A, §21) 

Note. (1) The figure below represents graphically numbers of the in- 
finite sequence 

i» f f» i» — • 






The infinity of numbers of the sequence which follow | are all clus- 
tered in the interval between 1 and 1 — ^. Each of these numbers differs 
from every number of the sequence which follows it by less than \, 

(2) The figure below is a graphical representation of numbers of the 

sequence 

i» i» i» J» •••• 



trr^ 



All numbers of the sequence which follow \ are in the interval between 
and + i. Each of these numbers differs from every number of the 
sequence which follows it by less than ^. 

The figure below is a graphical representation of numbers of the 

sequence 

I» ^ ij it — \i i» •••• 



-\ -\ h W 7- 

All numbers of the sequence which follow + i are included in the 
interval between —} and + i.* Each of these numbers differs from 
every number of the sequence which follows it by less than J + ^ or ^j. 

These examples illustrate the fact that as a variable approaches its 
limit, it may be always less, always greater, or sometimes less and some- 
times greater than its limit. 
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27. Note. It follows immediately from the definition of a 
limit that if a variable x approaches a limit a, and if d is any 
positive number, however small, then 

1. If X is always greater than a, it eventually remains in 
the interval between a and a -|- c? ; 

2. If X is always less than a, it eventually remains in the 
interval between a and a — d ; 

3. If X is sometimes less and sometimes greater than a, it 
eventually remains in the interval between a + d and a — d. 

28. Theorem. 7^e variable x will approach a limit as 
it runs through an infinite sequence of values^ aj, Og, <3Jg, •••, 
«n> ••• */"> for every arbitrarily assigned positive number d, 
however smalU d number aj^ of the sequence can be found 
which will differ numerically from every subsequent number 
of the sequence by less than d ; and conversely, 

[We shall prove: (1) the sequence determines a separation of all 
real numbers into two classes, R^ and R^^ such that every number in 
R^ is less than every number in R^ ; (2) the number defined by this 
separation (§ 9) is the limit of a: (A, §21).] 

Proof. 1. It follows from the hypothesis of the theorem that 
if d is any assigned positive number, however small, a ;number 
of the sequence a^ can be found which will differ numerically 

from every subsequent number of the sequence by less than — . 

That is, the numbers of the sequence which follow a, are all 

clustered in the interval between ol^^ - and a^-\- -. 

r r' 






Therefore there are real numbers r which are less than a, 
and less than any subsequent number of the sequence, and 
there are real numbers / which ai'e greater than a, and greater 
than any subsequent number of the sequence. 

Accordingly it is possible to assign to a class jBi every real 
number which eventually remains less than a;, and to a class 
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R2 every other real number. All real numbers are included in 

Ri and B^. Every number in Mi is less than every number 

in R2. 

This separation of real numbers defines a real number a. 

(A, § 12, 4) 
2. We will now prove that a is the limit of x. 

The number a, — « belongs to jBi since it is less than every 

number of the sequence after a„ and the number a, + - belongs 

to R2 since it is greater than every number of the sequence 
after a,. 

Therefore since a is either the greatest number in Ri or the 
least number in E^ (A, § 12, 4), it cannot lie without the interval 

bounded by a. — - and a, H- -. 

Therefore a must differ from every number of the sequence 

after a, by less than d. 

Therefore a is the limit of x, (A, § 21) 

The converse of this theorem is a direct consequence of the 

definition of limit. ' (A, §21) 

29. Note. Any infinite sequence of rational numbers through 
which a variable runs as it approaches a limit may be regarded 
as a sequence of approximate values of the limit. 

30. Tlieorems relating to the limit 0. 

I, If a variable x approaches as a limit, then aaj will 
approach as a limit if bl denotes any fixed number m, or a vari- 
able which remains always less than some fixed number m. 

For, if d is "any assigned positive number, however small, 
then X will eventually become and remain numerically less 

than — and therefore m^ and consequently ax will become and 
m 

remain less than d. Therefore ax will approach as a limit. 

(A, §21) 

II. If the two variables x and y each approach as a limit, 
then X -\- y, x — y, and xy will each approach d as a limit. 
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1. K d is any assigned positive number, however small, x and 
y will each eventually become and remain numerically less than 

. Therefore | a|^+ | y | will become and remain less than 

Therefore, since a? + y and x — y are each equal to or less, 
numerically, than | a? | + | y |, they will each become and 
remain numerically less than d, and will therefore approach 
as a limit. (A, § 22) 

2. If d is any assigned positive number, however small, x 
and y will each eventually become and remain numerically 
less than Vd, (A, § 22) 

Therefore xy wilj eventually become and remain less than 
-y/d' Vd or d and will therefore approach as a limit. (A, § 22) 

III. If the difference x— y between the two variables x and y 
approaches as a limit and one of the variables, x, is known to 
approach a limit a, then y will also approa^ch a. as a limit. 

For, if di denotes the difference a — a? and dg the difference 

y —X, then the difference a — y is equal to or less numerically 

than di + d,. (Why ?) 

di and dj will each approach as a limit. (A § 22) 

Therefore di + dz will approach as a limit. (A, § 30, II) 

Therefore a. — y^ which is always equal to or less than 

I d, + dj I will approach as a limit. (A, § 22) 

Therefore y will approach a as a limit. ' (A, § 23) 

31. Theorem. If the variables x and y approach the 
limits a and b, respectively^ then a; -|- y, a? — y, xy^ and - will 

respectively approach oa limits a 4- b, a — b, ab, and - (^pro- 
vided b-^O}. ^ 
If di denotes the difference a ^x and dj the difference b — y, 

1 By the symbol | x | is meaiit the numerical value of x. 
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then the variable x may be denoted by a — d^ and y may be 
denoted by b — c?2. Then, 

(1) a-}-b-(a; + y) = a + b-(a-c«i+b-d2) 

= di + dj. 

di and dz will each approach as a limit. (A, § 23) 

Therefore d, -f dj will approach as a limit. (A, § 30, II) 

Therefore x-{-y will approach a + b as a limit. (A, § 23) 

(2) ei-b-(x-y)=A-h-\(&-d{)-{h-d2)\ 

= dj — dz- 
Since dj and dj each approach as a limit, di — dj will 
approach as a limit. (A, § 30, II) 

Therefore x — y will approach a — b as a limit. (A, § 23) 

(3) ab - ajy = ab -(a - di)(b - d,) 

= ad2 4- bdi — did2. 
Since d, and d2 each approach as a limit, (A, § 28) 

adz and bdi will each approach as a limit (A, § 30, 1) 

and didz will approach as a limit. (A, § 30, II) 

Therefore adj + bdj — didz will approach as a limit. 

(A, § 30, II) 
Therefore xy will approach ab as a limit. (A, § 23) 

/A\ a flj a a "~~ ctj 

^ ^ b'~y~b~"b-d2 

= (bdj — ad2) 



b^-bdj 

adj, bdi, ^'^d hdz will approach as a limit. (A, § 30, 1) 

Therefore bdi — adj will approach as a limit (A, § 30, II) 

and b* — bdj will approach b^ as a limit. (A, § 23) 

Therefore if b is not 0, (bdi — adj) — — will approach as 

b* — bdj 

a limit and .-. - will approach ^ as a limit. (A, §§ 30, 1 ; 23) 

y o 

32. Corollary. If & is a constant (not zero) and y is a 
variable which approaches a limit (not zero), then the sum, dif- 
ference, product, and quotient of a and y will apjyroach as limits, 
respectively, the sum, difference, product, and quotient of a and 
the limit ofy. 
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